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Abstract. Tensor decompositions have become a central tool in data science, with applications
in areas such as data analysis, signal processing, and machine learning. A key property of many ten-
sor decompositions, such as the canonical polyadic decomposition, is identifiability: the factors are
unique, up to trivial scaling and permutation ambiguities. This allows one to recover the groundtruth
sources that generated the data. The Tucker decomposition (TD) is a central and widely used tensor
decomposition model. However, it is in general not identifiable. In this paper, we study the identifia-
bility of the nonnegative TD (nTD). By adapting and extending identifiability results of nonnegative
matrix factorization, we provide uniqueness results for nTD. Our results require the nonnegative
matrix factors to have some degree of sparsity (namely, satisfy the separability condition, or the
sufficiently scattered condition), while the core tensor only needs to have some slices (or linear com-
binations of them) or unfoldings with full column rank (but does not need to be nonnegative). Under
such conditions, we derive several procedures, using either unfoldings or slices of the input tensor, to
obtain identifiable nTDs by minimizing the volume of unfoldings or slices of the core tensor.

Key words. Tucker decomposition, nonnegavitity, identifiability, separability, sufficiently
scattered condition, volume minimization
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1. Introduction. Tensors are important algebraic objects that appear in differ-
ent branches of science such as mathematics, physics, computer science, and chemistry.
For our purpose, tensors can be viewed as multidimensional arrays with entries from
the underlying field of real numbers R. Following this, order-1 tensors are vectors and
order-2 tensors are matrices. For a tensor 7 € R™ *™2X X4 jtg order is the number
of dimensions, d, also referred to as modes, while the dimension of the kth mode is
ny for k€ [d]:={1,2,...,d}.

Tensor decompositions have generated significant interest in recent years due to
their applications in different fields such as signal processing, computer vision, chemo-
metrics, neuroscience, and others; see, e.g., [33, 45] for comprehensive surveys, and [9]
for a very recent book. One of the central motivations for studying such decomposi-
tions and applying them in real-world problems comes from the fact that some mod-
els of tensor decompositions are identifiable under very mild assumptions. One such
model is the canonical polyadic decomposition (CPD) that decomposes a given tensor
as the minimal sum of rank-one tensors. Such a decomposition is essentially unique,
meaning that is unique up to permutations and scalings of the rank-one factors, if the
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input tensor satisfies some mild conditions [37, 15, 29, 36]. As a consequence, there is
a lot of research on developing algorithms for the CPD model [7, 49, 27, 35, 22, 32, 31].

In this paper, we focus on another widely-used model of tensor decomposition
called the Tucker decomposition (TD) which is a generalization of the CPD. It is a
form of higher-order principal component analysis which decomposes a tensor into
a core tensor and multiple matrices such that the given tensor can be obtained by
transforming the core tensor by a matrix along each mode.

Let us focus on order-3 tensors for simplicity. Given an order-3 tensor G €
R71*72%7s and matrices U; € R™*" for all ¢ € [3], the following multilinear trans-
formation,

(1) T:(Ul,UQ,Ug).g c Rn1><n2><n3’

is defined as

(2> 7;1;j27j3 = Z (Ul)j1,i1 (UQ)jzﬂz (U3)j3,i3gi1,i27i3'

it €[r¢] for all t€[3]

The decomposition T = (Uy,Us,Us).G is called an (r1,79,73)-TD of 7. Note that
for order-2 tensors, that is, for matrices, an (ri,r3)-TD corresponds to a matrix
trifactorization of the form

(3) X =U,GUy,

where Uy € R™"*" Uy € R"2%72 and G € R™*"2 is the core matrix.

CPD is a special case of TD when r; = r for all ¢ while G is a diagonal tensor,
that is, Gi, 4,....5, 7 0 only when ¢y = 4o = -+ = i4. In contrast to CPD, TD of
an arbitrary tensor is not essentially unique as it suffers from rotation ambiguities.
In fact, for an (rq,7r2,73)-TD of T = (U1,Us,Us).G, and for any invertible matri-
ces R; € R"*"i for i € [3], (UiR1,U2R2,UsR3).G’ is another (ry,73,73)-TD for T,
where ¢’ = (R; ', Ry !, Rgl).g. Hence, one needs to impose additional constraints or
regularization on the TD in order to get uniqueness.

Outline and contribution of the paper. In this paper, we focus on nonnega-
tivity constraints on the U;’s. We refer to such decompositions as nonnegative Tucker
decompositions (nTDs). We will use NTD, as done in the literature, only when the
core tensor, G, is also imposed to be nonnegative. However, in most of our results, we
will not need this assumption. If a given tensor has an nTD of a certain dimension,
we are interested in the following two questions:

e Under what conditions is such a decomposition unique?

e How can we (approximately) compute such a decomposition?

Part I of the paper, “Identifiability of n'TD: Theory”, focuses on the first question,
and is divided into 7 sections:

e Section 2 presents the notation, definitions and the preliminary results nec-
essary to present our contributions; in particular, it presents identifiability
results of nonnegative matrix factorization (NMF) that are the starting point
of our work.

e Section 3 summarizes previous works on the identifiability of nTDs. At the
end of this section, we summarize our main identifiability results; see Table 1.
(Skipping directly to Table 1 allows the interested reader familiar with tensor
notation to have a quick overview of our results.)
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e Section 4 deals with order-2 nTDs, that is, nonnegative matrix trifactoriza-
tions; see (3). We generalize identifiability results from the NMF literature
to order-2 nTDs. Identifiability is obtained via sparsity conditions on the
factors. Our first result, Theorem 4.1, relies on the separability condition
(Definition 2.5) which requires the factors to contain a diagonal matrix as a
submatrix. Our second result, Theorem 4.2, relies on the sufficiently scattered
condition (SSC, Definition 2.7), a relaxation of separability, which requires
the factors to contain rows sufficiently spread in the nonnegative orthant, and
allows one to retrieve the ground truth factors using volume minimization of
the core matrix.

e Section 5 deals with order-3 nTDs. We propose 5 procedures to compute
order-3 nTDs, with identifiability guarantees (Theorems 5.4, 5.11, 5.14,
5.16, 5.18). They rely on the SSC for the factors, but use different condi-
tions on the core tensor, G. The proofs rely on the identifiability of NMF
(section 2.2), and of order-2 nTDs (section 4). The first procedure relies on
unfoldings of the input tensor, while the other four on its slices.

e Section 6 generalizes the results for order-3 from section 5 to any order.

e In sections 5 and 6, we sometimes need that the Kronecker product of two or
more factors satisfies the SSC. In section 7, we explore sufficient conditions
for this property to hold.

In this paper, we only consider identifiability result for exact decompositions.
Robustness analysis in the presence of noise is a study of further research. Part II of
this paper [44] will focus on the second question: it will provide efficient algorithms
to compute identifiable nTDs, and illustrate their effectiveness on synthetic and real
data sets.

2. Notation, definitions, and preliminaries. Let us introduce the notation,
definitions, and results from the literature used in this paper.

2.1. Tensors. We first fix the notion of uniqueness that we consider in this
paper.

DEFINITION 2.1 (essential uniqueness of TD). Let T € RM*"2X X" phe qpn order-
d tensor which has an (r1,...,7q4)-TD of the form T = (U#,...,Uj&).g#. Let f be an

objective function and S be a feasible set for (Uy,...,Uy,G), and define the optimiza-
tion problem

(4) min _f(Uy,...,Uq,G) such that (Uy,...,Uq,G) €S.
Uty Ua,G

Note that f and S will depend on T. Then the decomposition T = (Ul#7 ...,Uf).g#
with (Uf,...,Uj&,g#) € S is an essentially unique TD with respect to (f,S) if for
any optimal solution of (4), (UT,...,U},G*), there exist permutation matrices II; and
diagonal matrices D; such that U = UFILD; for all i € [d] and G# = (D711},
...,D;ln;{).g*. For simplicity, we will also say that T = (Ul#,...,Uj&).g# 1S essen-
tially unique w.r.t. (4).

Since we consider nTDs in this paper, we will always have
S C {(Ul,...,Ud,g) | U;>0forie [d]}

Let us now define slices and unfoldings of a tensor.
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DEFINITION 2.2 (slices of an order-3 tensor). Let T € R™*"2%X"3 phe qn order-3
tensor. Then the ng slices along the third mode, denoted by 7;(3) e R™*"2 fork € [ns],
are matrices given by

(5) (7;(3))2_ ; =Tk foralli,j.

One can similarly define the slices along the first and second modes and denote them
by 7;(1) e R"2*"s gnd 7;-(2) € R™*"s | respectively.

DEFINITION 2.3 (unfoldings of an order-3 tensor). Let T € R™*"2X"3 pe gn

order-3 tensor. Then the unfolding of T along the third mode is given by the matrix
T(3) € RMm2Xns where

(Ts))(iyok = Tijk for all i, k,

where we use the notation (i,7) =i+ (j—1)n1. One can similarly define the unfoldings
along the first and second modes and denote them by T(1y € R"™"*" and T(g) €
R™M™3%XN2 - regpectively.

These notions can be extended to higher-order tensors; see section 6.
Let us define the Kronecker product between two matrices.

DEFINITION 2.4 (Kronecker products). Let A € R™M and B € RN be matri-
ces with columns a1,...,ap and by,...,bn, respectively. Then the Kronecker product
between A and B, denoted by AR B, is the mn x M N matriz with column at position
p=7+ (i—1)N given by

(A ® B):’p =a; ® bj = Vec(aib;-r) = [aibj(l);aibj (2), e alb](n)} S Rmn’

where vec vectorizes a matrixz columnuwise.

2.2. NMF': concepts and identifiability. To prove our identifiability results
for n'TD, we will heavily rely on tools and results from the NMF literature. Recall
that, in the exact case, NMF is the following problem: given a nonnegative matrix
X € RP™™ and a factorization rank r, find W € RT"*" and H € R}*" such that
X =WHT. Note that NMF decompositions are typically not unique unless additional
constraints or regularization are used; we refer the interested reader to the survey [18]
and the book [23, Chapter 4] for more details.

Cones. For any matrix A € R™*™ the convex cone generated by the columns
of A, denoted cone(A), is given by the set of conic combinations, that is, linear
combinations with nonnegative weights, of the columns of A:

cone(A)={z | z = Ay for y e R,y > 0}.
The dual cone of A, denoted by cone*(A), is given by
cone*(A) = {y | Ty >0 for all = € cone(A)}
(6) z{y|ZTATyEOforaHZZO}:{g”ATyZO}.

Separability. The notion of separability dates back to the hyperspectral com-
munity under the pure-pixel assumption [11]. The terminology was introduced by
Donoho and Stodden [16], and it was later used by Arora et al. [6] to obtain unique
and polynomial-time solvable NMF problems; see [23, Chapter 7] for a survey on
separable NMF.
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separability O rows of H SSC
—cone(H") NA" X
-» Unit simplex
-—-CNA"
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FiG. 1. Comparison of separability (left) and the SSC (middle) for the matriz H whose columns
lie on the probability simplex, A” = {x | £ >0,e Tz =1}, in the case r =3. On the left, separability
requires the columns of H to contain the unit vectors, that is, H(:,K) = I, for some K. In the

middle, the SSC requires C C cone(H). On the right, the SSC is not satisfied but the NMF solution
is unique, illustrating a case when the SSC is not necessary. Figure adapted from [1].

DEFINITION 2.5. A matriz H € RI™" is called separable if there exists an index
set IC C [n], where |KC| =1 such that H(K,:) is a diagonal matriz with positive diagonal
elements.

Equivalently, a matrix H is separable if the convex cone generated by its rows
spans the entire nonnegative orthant, that is, cone(H ') = R’ ; see Figure 1 for an
illustration when r = 3.

We say that X admits a separable NMF (W, H) of size r if there exists a decom-
position of X of the form X = WHT of size r such that H € R™*" is a separable
matrix. By the scaling degree of freedom, this implies that there exists a decomposi-
tion X = W'H'T, where W’ = X(:,K), that is, the columns of W are a subset of the
columns of X.

THEOREM 2.6 ([6]). Let X = WHT € R™*" be a separable NMF of size! r =
rank(X). Then for any other separable NMF (W,, H,) of size r of X, there exists
a permutation matriz 11 and diagonal matrix D such that W, = WDII and H, =
HD~I.

The proof of Theorem 2.6 directly follows from the fact that the extreme rays
of cone(X) coincide with that of cone(W) under the separability assumption. Given
a matrix X and rank r, there exist fast and robust polynomial-time algorithms to
compute a separable NMF: they identify the extreme rays of cone(X) [23, Chapter 7];
we will generalize such algorithms to order-2 nTDs in Part II of this paper [44].

SSC. The separability assumption is relatively strong. To relax it, a crucial no-
tion is the SSC, which was introduced in [28].

DEFINITION 2.7 (SSC?). A matriz H € RY*" with r > 2 satisfies the SSC if the
following two conditions hold:
1. S5C1: C={xz R | e"2>/r —1||z|]2} C cone(H "), where e is the vector
of all ones of appropriate dimension.

IThis can be relaxed to cone(X) having r rays. We use the rank here for simplicity. Note also
that W does not need to be nonnegative; see Remark 2.9.

2Slight variants of the SSC exist in the literature. Refer to Section 4.2.3.1 in [23] for a more
detailed description and the relation between these variants.
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2. 85C2: cone*(H")N bd(C*) = {Xex | A >0 and k € [r]}, where bd denotes
the border of a cone, C* = {x € R" | e"x > ||z||2}, and ey is the kth unit of
appropriate dimension.

SSC1 requires that cone(H ") contains the ice-cream cone that is tangent to every
facet of the nonnegative orthant; see Figure 1 for an illustration. Equivalently, by using
the definition of a dual cone (6), one can rewrite the condition in SSC1 as cone*(H ") C
C*. SSC2 is typically satisfied if SSC1 is, and allows one to avoid pathological cases;
see [23, Chapter 4.2.3] for more details.

Note that separability implies the SSC, that separability and the SSC coincide
when r <2, and that the SSC implies that a matrix is full rank.

To leverage the SSC, we need a notion of volume. Given a matrix W &€ R™*"
with rank(W) = r, the quantity det(WW T ) is a measure of the volume of the columns
of W; more precisely, it is the volume of the convex hull of the columns of W and
the origin in the linear subspace spanned by the columns of W. Combining volume
minimization of W under the SSC of H leads to unique NMFs. In fact, let us consider
the following optimization problem, referred to as a minimum-volume (min-vol) NMF:

(7) wem minl[ i det(WTW) suchthat X=WH' H'e=e, and H>0.
(= 7er><7" € nxr

We have the following identifiability result.

THEOREM 2.8 (identifiability of min-vol NMF [17]). Let X € R™*™ admit the
decomposition X = WyH,, where Hy € R'*™ satisfies the SSC and r = rank(X).
Then X = I/V#H;‘;ﬁr is essentially unique w.r.t. (7).

In simple terms, the SSC of H in an NMF X = WH T with H Te = e implies that
there exist no other factorization where the first factor has a smaller volume. This
intuition was introduced in the hyperspectral unmixing literature [13]. Note that the
first variant of identifiability for min-vol NMF under the SSC was proved in [21, 39]
under the constraint He = e, which is not without loss of generality (w.l.0.g.) since
normalizing the rows of H makes the column of X belong to the convex hull of the
columns of W. Later it was relaxed to the normalization H e = e in [17], and to
W'Te=e in [38].

Remark 2.9 (nonnegativity of X and W). The nonnegativity of X and W is not
necessary for Theorems 2.6 and 2.8 to hold. Hence, there is a slight abuse of language
when referring to separable NMF and min-vol NMF since, in such decompositions,
W could potentially have negative entries. The reason is that these models appeared
in the NMF literature, hence authors kept the name NMF, although using the term
semi-NMF would have been more appropriate. We refer the interested reader to the
discussions in [23, Chapter 4] for more details.

Necessity of the SSC condition. Let us show an example where the SSC is
not necessary for NMF to have a unique solution. Let

0 0 w 0
H=1]1 0 0 w
01 1—-w 1—-w

For % <w <1, one can show that H does not satisfy the SSC condition; see Figure 1

for an illustration. Let X = I.H, and let (W’ H') be another NMF of X, where
the columns of W’ and H' have been normalized to the ¢; norm. Since conv(X) C
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conv(W’), two columns of W’ must be eo = (0,1,0) and es = (0,0,1). W.l.o.g., take
them to be the first two columns. Let the third column be ¢ = (¢1,co,¢3) € R3. The
third column of X, (w,0,1 —w), is formed as a nonnegative linear combination of ¢
and eg, implying c3 = 0. Similarly, one can conclude that ¢ =0 and, hence, ¢; = 1.
This illustrates that the SSC is not necessary for identifiability of NMF.

However, SSC is among the weakest assumptions to guarantee uniqueness of NMF,
and related matrix factorization problems. Moreover, minimizing the volume of W
leads to a certain degree of sparsity of H [23, section 4.3.4.3], and the SSC has
been used successfully in many different applications such as hyperspectral unmixing,
spectroscopy, topic modeling, and audio source separation [23, section 4.3.4].

3. Previous works on the identifiability of nTD. As for NMF, the nonneg-
ativity constraints in nTD allow for a meaningful interpretation of the factors which
may have a probabilistic or a physical meaning. In fact, nTD has been used in many
applications, including clustering [40], hyperspectral image denoising and compression
[8, 25], audio pattern extraction [41, 46], image fusion [54], community detection in
multi-layer networks [52, 2], topic modeling [4], and EEG signal analysis [42, 53]; see
also [12] and the references therein. We will present several applications in Part II of
this paper [44], as well as standard algorithms to compute nTDs. Let us now briefly
describe previous results on the identifiability of nTD.

Connections between NTD and NMF. Zhou et al. [56] have explored the
connections between the identifiability of NTD and NMF. They stated that if there
exists a unique NMF of the unfoldings along all modes of the tensor, then the NTD of
the given tensor is essentially unique. Moreover, they also look at the so-called popu-
lation NTD model where one factor matrix is the identity matrix. In that case, they
showed that uniqueness of the NMF of the unfolding along the mode corresponding
to the factor matrix which is the identity translates to uniqueness of the NTD as well.

As we will see in the rest of this section, further research in this direction has
focused on imposing stricter conditions on the factors and the core tensor on the
underlying NTD of the given tensor in order to achieve identifiability results.

Separability. Agterberg and Zhang [2] studied the identifiability of order-3 nTD
where U; € R**"™ are separable for ¢ € [3]. Their motivation comes from the in-
terpretability of this model as a tensor version of the mixed-membership stochastic
blockmodel [3]. Each factor, U;, provides the membership of r; communities; more
precisely, U;(:,7) is the membership vector of the jth community along the ith mode,
with the magnitude of the entry representing the intensity of membership within that
community. The core tensor, G, provides the relationship between the communities;
G(i,7, k) indicates the magnitude of the interactions between three communities: the
tth in mode 1, the jth in mode 2 and the kth in mode 3. Separability of the U;’s
in this context requires that, for each community, there exists a pure node that only
belongs to that community. Agterberg and Zhang [2] proved the following result.

THEOREM 3.1 ([2, Proposition 1]). Let T = (Uy,Us2,U3).G € R™M*"2%X"s pe gn
order-3 tensor where U; € R'™" are separable for i € [3]. If, for all k € [3], the
unfolding of the tensor T along the kth mode, that is, Ty, has rank ry., then for any
other decomposition of the form T = (Uy,UL,U%).G’, where the U! are separable for
i € [3], there exist permutation matrices 11,15, 3 and diagonal matrices D1, Da, D3
such that Uy, = U}, DyIIy, for all k € [3] and G = (II{ D; ', 11 Dy, 11 D3 1).G'.

The proof essentially follows the identifiability of separable NMFs (Theorem 2.6),
and can actually be generalized to any order; see Theorem A.l in Appendix A.
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Moreover, in section A.2, we show that one can replace the rank assumption on the
unfoldings along all modes with a rank assumption on the unfolding along only one
mode (although this requires some restrictions on the dimensions of the core tensor).

SSC. Sun and Huang [47] studied the identifiability of nTD, where U; € R <"
satisfy the SSC for i € [d]. They considered the following optimization problem,

®)

d

g 2hax, glogdet(UiTUi) such that U; >0,U; e=e for i € [d]),T = (Uy,...,Uq).G,

where they maximize the volume of the factors of the nTD. They claimed that if
there exists a decomposition of the core tensor T such that all U;’s satisfy the SSC,
then the nTD of 7 obtained from an optimal solution to (8) recovers the U;’s, up
to permutation [47, Theorem 1]. Unfortunately, in this conference version of the
paper [47], the authors do not discuss the crucial assumptions regarding the core
tensor (nor provide a proof). Hence, we provide here a complete result, whose proof
follows directly from max-vol NMF identifiability on each unfolding [50, Theorem 7.1].

THEOREM 3.2. Let T = (Uf,...7Uf).g#, where the Ui# € R™*" satisfy the
SSC, and the unfoldings of G along all modes k € [d], denoted by Gﬁ), have rank ry.

Then T = (U¥,..., Uf).g# is essentially unique w.r.t. (8).

The d-persistent topic models. Anandkumar et al. [4] discussed the notion of
identifiability of the d-persistent topic models. For a d-persistent topic, the 2dth-order
moment of the model, denoted My, is an unfolding of an order-2d tensor which has a
decomposition of the form

M2d — (AQd)G(AQd)T7

where A®? is the Khatri-Rao product of the matrix A taken d times and G is the
covariance matrix of the hidden variables. This is a special case of a TD, and a
generalization of the CPD. They showed that the columns of A are identifiable under
some nontrivial conditions. Using this tri-NMF structure, one could further enquire
the identifiability of the nonnegative version of the 2d-persistent topic model using
the framework introduced in this paper. This is left for future work.

How our work goes beyond the state of the art. In this paper, we will
exploit the structure of the slices of the tensor and of its unfoldings, and will minimize
the volume of the core tensor. Our modeling approach has several advantages:

e When using unfoldings, instead of enforcing conditions on the unfoldings
of the tensor along all the modes, as in previous works (in particular Theo-
rems 3.2 and 3.1, and in [56]), we restrict our attention to the unfolding along
just a single mode, leading to stronger identifiability results; see section 5.1
for order-3 tensors, and section 6.1 for higher orders.

e When using slices, the dimensions of the matrix factorization subproblems
that we will solve will be significantly smaller compared to previous works—
we will only need to consider the factorization of d — 1 slices. We will show
that, under certain restrictions on the factors and the core tensor, the slices
have an essentially unique factorization which will imply the identifiability of
the underlying nTD; see section 5.2 for order-3 tensors, and section 6.2 for
higher orders.
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TABLE 1
Conditions on the U;’s, G, and T to have an identifiability procedure for order-3 nTD. The

matriz G(3) is the third mode unfolding of G. The matriz ’Ti(k> is the ith slice along the kth mode. De-
term. means deterministic, rand. means randomized, V() is the linear span of the slices along mode
§, defined as V) := {Z:Zl oziTi“) | a; € Ry}, maz-rank(V9)) is the mazimum v such that there
exists A € VU) with rank(A) =r.

T=(U1,U2,U3).G g Us’s T

Procedure 0 rank(g(3>) =73 U, ® Uy is SSC determ.

(Theorem 5.4) =rire Uj is SSC
[47] (Theorem 3.2) | rank(G(;y) =7 Vi U,’s are SSC deterem.

Procedure 1 r3<ri=ro=r U;’s are SSC Jio s.t. rank(Ti(Q)) =r3 | determ.
(Theorem 5.11) Jig s.t. rank(7’i§3>) =r

Procedure 2 rs<ri=ro=r U;’s are SSC max-rank(V(3>) =r rand.
(Theorem 5.14) max—rank(V<2>) =r3

Procedure 3 Jr3<ri=r9 U;’s are SSC Ji s.t. rank(7’i(3)) =7ry determ.
(Theorem 5.16) rank(G3)) =73

Procedure 4 VT3 <711 =719 U;’s are SSC max—rank(V(3>) =r rand.
(Theorem 5.18) rank(G(s)) =r3

Table 1 summarizes the main cases in which we can prove identifiability for order-
3 nTDs, where the roles of the modes are interchangeable. These results generalize
to any order; see section 6.

Comparison with [47]. From a theoretical point of view, Theorem 3.2 pro-
ceeds via applying the identifiability of max-vol NMF for the unfoldings along each
of the modes, and each unfolding of 7, denoted by 7(;), needs to have rank r;. This
translates to the fact that the multilinear rank of the core tensor G is full across every
mode, that is, rank(G;)) = r; for all j € [3]. From a practical point of view, the objec-
tive function can be hard to optimize and tune. In fact, maximizing logdet(-) is much
harder than minimizing it, because logdet(-) is easily majorized with a quadratic [20];
see [50] for a discussions on this issue. Moreover, in the presence of noise, one needs
to properly weight the d logdet terms in the objective, along with the reconstruction
error, | T —(Uy,...,Uy).G||. In [47], the authors propose an algorithm using successive
convex approximations. The numerical schemes for our procedures will be more easily
implementable as we will minimize the volume of G using a single regularization term.
Part IT of this paper [44] will discuss further the algorithmic details of the various
approaches.

Note that Procedure 2 (resp., 4) are randomized versions of Procedure 1 (resp., 3)
with weaker assumptions: instead of requiring two (resp. one) slices to have maximum
rank, we just need the span of all the slices to have maximum rank. If the given tensor
has certain guarantees on the slices along a certain mode, say mode 3, the crucial
requirement for Procedures 14 is to have the dimensions along the other two modes
to be equal, that is, 71 = ro = r. For Procedures 1 and 2, the dimension of G along
the third mode, that is, r3, can be at most r, whereas for Procedures 3 and 4, it can
be up to r2. If the dimensions along modes 1 and 2 are not equal, one can resort
to Procedure 0 but under the condition that r3 = r17r5. Finally, our approaches also
have algorithmic advantages over previous works. We defer the details to Part II of
this paper [44].
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4. Order-2 nTD also known as nonnegative matrix trifactorization.
Given a data matrix X € RT*", order-2 nTD decomposes X into a product of three
factor matrices Uy € RT"*", G €e R}, and Uy € RT™" such that X = U;GU, , which is
also known as nonnegative matrix trifactorization [14]. When G is the identity matrix,
order-2 nTD boils down to NMF. Otherwise, order-2 nTD can never be identifiable;
in fact, we have

U,GU) = U L. (UGN = (U,G) I, U, .

Therefore, we must use additional constraints and/or regularization to make order-2
nTD identifiable. In practice, people used sparsity constraints; see, e.g., [14, 51, 55, 34].

Surprisingly, although order-2 nTDs have been extensively used in practice, there
exists, to the best of our knowledge, no identifiability results in this case. This section
aims to fill in this gap. We discuss the case of separability in section 4.1, and the case
of the SSC in section 4.2.

4.1. Order-2 nTD under separability. The notion of separable NMF can be
extended from two to three factors and such decompositions have been extensively
studied in the matrix factorization literature in the symmetric case. Given a symmet-
ric matrix A € R™>™ one can consider its decomposition A = WSW T, sometimes
referred to as trisymmetric NMF. This decomposition occurs in community detec-
tion in graphs, and is closely related to the stochastic block models: the matrix W
contains the community information, and the matrix S the interactions between the
communities; see, e.g., [18] and the references therein. Arora et al. [5] gave a provably
robust polynomial-time algorithm for trisymmetric NMF with identifiability guaran-
tees. They used it in the context of topic modeling, where A is the word cooccurence
matrix, the matrix W is the word-by-topic matrix such that W (i, k) is the probability
for word i to be picked under the topic k, and the matrix S is a topic-by-topic matrix
that accounts for the interactions between the topics. In topic modeling, the following
separability assumption makes sense: for each topic, there exists an anchor word, that
is, a word that is only used by that topic. Following Definition 2.5, this is equivalent
to requiring that the matrix W' is separable, that is, there exists IC such that W (K, :)
is a diagonal matrix. Moreover, to eliminate the scaling degree of freedom, one can
assume w.l.o.g. that WTe=e.

In this section, we present a generalization of the symmetric model to the nonsym-
metric case. In the noiseless setting, we assume that there exist matrices Uy € R’} X
G e R"*™ Uy € RN?*™ such that X = U,GU, . Moreover, we assume that U; and
U, are separable. This model can be interpreted in the following way from the point of
community detection: the matrices U; and U; are the membership indicator matrices,
where U (j1, k1) is the membership indicator of item j; for community k1 and Us(ja2, k2)
is the membership indicator of item j for community ks. The entry G(ki,k2) is the
strength between the communities k7 and ko. Since U; # Us in general, U; and Us
correspond to different communities. For example, if X is a movie-by-user matrix
(e.g., X(i,7) = 1 if user j has watched movie i, and X (i,7) = 0 otherwise), Uy will
correspond to communities of movies while Us to communities of users. Separability
of Uy (and similarly for Us) requires that, for each community (that is, for each col-
umn of Uy), there exist a node that is only associated to that community. Such nodes
are referred to as pure nodes or anchor nodes.

In the following theorem, we show that when r; = ro = r = rank(X) and under
the separability assumption, such a decomposition is essentially unique.
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THEOREM 4.1. Let X =U,GU, , where U; € R and Us € RT?*" are separable
matrices, and r =rank(X). For any other decomposition of X =U;G*U; " of size r,
where Uy and U3 are separable, there exist permutation matrices 11y, 1ls and diagonal
matrices D1, Doy such that U = U;D;I1; fori€ (2], and G* = HlTDl_lGDglﬂg.

Proof. Let X = WHT with W = U,G and H = U, be an NMF of X of size 7,
and X = W,H,] with W, = UfG* and H = Uj be an another one. Since, Uy and
Uj are separable matrices, using Theorem 2.6, there exist a permutation matrix Il
and a diagonal matrix Dy such that U5 = UsD»lIl;. Using the same argument on
XT =U,GTU =U;G*TU; ", we obtain that Uy = Uy D;I1; for some permutation
matrix IT; and a diagonal matrix D;. Finally, X = U;GU,” = U;G*U; " implies that
G* = HTD;IGDglﬂg since all factor matrices (Uy,Us, Uy, Us) are separable, hence
have rank r. 0

Note that this result is not applicable when ry # r5. This is because G is rank
deficient, since rank(G) < min(rq,72). However, it can be easily extended if cone(X)
has r; rays and cone(X ") has 7y rays; similarly as for separable NMF (see Footnote 1).
However, to keep it simple, we restrict our analysis to the full-rank case.

In part IT of this paper [44], we will extend the ideas from [5] to give a polynomial-
time robust algorithm for computing separable order-2 nTDs.

4.2. Order-2 nTD under the SSC. Separability of both U; and Us is rather
strong. For example, in terms of community detection, it requires all communities to
have a pure node. In order to provide a relaxation to the notion of separability, we
now generalize min-vol NMF under the SSC (Theorem 2.8) for order-2 nTD.

We propose the following formulation: Given the matrix X € R"”2*"2 and the
factorization rank r =rank(X),

(9)
min |det(G)| such that X =U,GU, ,U; e=¢,U; >0 for i € [2].
UieRn,iniE[QLGERrXT

We refer to this problem as min-vol order-2 nTD. The constraints U, e = e for i € [2]
remove the scaling ambiguity. Let us provide an identifiability result for (9) under
the SSC. This is a generalization of the symmetric case studied in [26, 19], where X
is assumed to be a symmetric matrix and U; = Us.

THEOREM 4.2. Let X = Ufk’&(}’#’&U;‘fr be a matriz of rank r where UF € R™*"
satisfy the SSC and UZ-#Te =e fori€[2). Then X = UﬁEG#’LU;‘#—r is essentially unique
w.r.t. (9).

Proof. Since rank(X)=r and X = U7 G#UZ " =U;rG*U; 7T, we have rank(U7") =
rank(U7) = rank(U3) = rank(U7) = r. Hence there exist invertible matrices A, B €
R"™" such that U = U A, U =U¥ B, and G* = A"'G#B~T. Since (U}, G*,U3) is
an optimal solution to (9), it follows that

(10) | det(G*)| =|det (A™'G#B)| < |det (G#)|.

This gives us that

(11) |det(A)| |det(B)| > 1.

Moreover, since (U, G#,U¥) and (U}, G*,U3) are feasible solutions to (9),

(12) e=UiTe=ATU!Te=A"Te and e=U; e=B'Uf " e=B"e.
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Moreover, Ui = U} A >0 and U; = U¥ B > 0. Following the definition of dual cones
in (6), this gives us that for all 4,5 € [r],

(13) Al:, j] € cone” (Ul#T) and Bl[:, ] € cone” (UQ#T),

where A[:, j] denotes the jth column of A. Since U and U satisfy the SSC, we have
for all i, j € [r]

(14) Al 4], BlileC*={zeR’ | e'z>|z|2}.

Then, using (14) and (12), we get
(15) [det(A)| < JTIAG )2 <[] eTAG4) =1,
j=1 j=1

and similarly for B. Using (11) and (15), we obtain |det(A)| = |det(B)| = 1. Since
the equality holds in (15), A(:,4), B(i,:) € bd(C*). This, along with (13) and the
definition of SSC, gives us that for all 4,5 € [r],

Al 4], Bli,:] € {Aex|A >0 and k € [r]}.

Since ATe =e, B'e = e and |det(A)| = |det(B)| = 1, A and B are permutation
matrices. a

The proof of the previous theorem implies that identifiability is actually achieved
by any feasible solution of (9) whose objective function value is smaller than that of
the ground truth. Let us state this result explicitly as it will be useful later on.

COROLLARY 4.2.1. Let X = UFG#UF " be a matriz of rank r, where U} and
UQ# satisfy the SSC and Ui#Te =e fori € [2]. Let Uy € R, Uy € RY*", and
G* € R™ " be matrices such that X has a decomposition of the form X =U;G*Us T,
where U Te=e for i€ [2] and |det(G*)| < |det (G¥)|. Then there exist permutation
matrices 111,11y such that Uy = Ul#Hl, Us = UQ#HQ, and G* =TI] G#1l,.

Can the above result be extended to the case when r; # 15?7 As discussed in the
previous section, this corresponds to a rank-deficient case. The characterization from
(3) does not work because det(G) = 0. For r; < 75, one could also try to minimize
det (GTG instead, and the proof of Theorem 4.2 works for that function when r{ = r9,
since det 8GTG) = det(G)? for a square matrix G. The proof does not extend directly
for the rank-deficient case: in fact, there exist matrices A, B such that

det(B~TGTA TATIGB™ ) < det(GTG)

while det(A)det(B) < 1. Take for example B = 1,4 = [(1) ], G = [}§]. We have
C:=A"'G=[}], det(CTC) =1=det(GT G) but det(A)? = 1 < 1. Note that here A
satisfies ATe=e.

It would be possible to relax the condition r; # r2 using the approach from [1]
that relies on sparsity conditions, and would not require G to be square and full rank.
This is a topic for further research.

[SIEANI

5. Order-3 nTDs. In this section, we provide 5 different approaches to ob-
tain identifiable order-3 nTDs. Each approach relies on different assumptions and
optimization models. We first consider unfoldings for which we provide a natural
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approach using directly order-2 nTD identifiability under the SSC (Theorem 4.2); see
section 5.1. Then we propose 4 approaches relying on slices; see section 5.2.

These 5 approaches can be generalized to higher-order tensors, which we explain
in section 6. We start with order-3 tensors to make the presentation simpler and help
the reader follow the line of thoughts more easily.

From now on, we focus on the SSC using minimum-volume minimization. How-
ever, all identifiability results presented in this section directly specialize to the sep-
arable case, since separability implies the SSC. To avoid redundancy and keep the
paper more concise, we do not explicitly state these identifiability results in the sep-
arable case. The reason we specified the identifiability for separable order-2 nTD
(Theorem 4.1) is twofold:

e This provided an example of identifiability for n'TD under separability, and

e we will design a polynomial-time and robust algorithm for separable order-
2 nTD in Part II of this paper [44]. It generalizes the algorithm for the
symmetric case proposed in [5]. We will use this algorithm to initialize higher-
order nTD algorithms.

Throughout this section, we will assume the tensor follows the following assump-
tion.

Assumption 5.1. The order-3 tensor T € R™ *"2%"s gatisfies the following condi-
tions:
1. 7 has an nTD of the form 7 = (U}, U¥, U3#).g#, where Ui# e R} for all
i€ [3] and G# € R" ™73 and no columns of the U ’s are zero.
2. To simplify the presentation and remove the scaling ambiguity, we assume
w.lo.g. that (U7)Te=e for i € [3].

5.1. Using unfoldings. Let us start with the most natural approach: reduce
an order-3 nTD to an equivalent order-2 nTD using unfoldings. For this, let us recall
the following property.

PROPERTY 5.2 (unfoldings). Let T € R™M*™2X"3 he an order-3 tensor with T =
(Uy,Us,U3).G, where G € R™*"2%"s The unfolding of T along the third mode is
given by

7-(3) = (Uy ®U2)g(3) U,?:rv

where G3) is the unfolding of G along the third mode. By symmetry, the same property
applies to unfoldings along the first and second modes.

Property 5.2 allows us to apply directly Theorem 4.2 for an order-2 nTD to obtain
an identifiable order-3 nTD. However, this requires a very strong condition, namely,
rg = rir9, because Theorem 4.2 only applies to order-2 nTD, where the two inner
ranks are equal to each other. Let us state the assumptions needed to obtain a first
identifiability result for order-3 nTD.

Assumption 5.3. The order-3 tensor T € R"*"2X"3 gatisfies Assumption 5.1 and
1. rank(g(#g)) =1r3="1T9;
2. (UF @ U¥) and UZ satisfy the SSC.
Note that, for simplicity of the presentation, this assumption arbitrarily unfolds
the tensor in the third mode. Of course, by symmetry of the problem, one can apply

the same reasoning to unfoldings in the first and second modes. We will discuss the
condition (U ® U¥) satisfies the SSC in section 7.
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Note that Assumption 5.3.1 on the dimensions of the core tensor is rather strong.
But this is the first natural assumption required to generalize the matrix case to the
tensor setting. We will relax this assumption for the procedures proposed in the next
sections.

By Property 5.2, T3y = (U1 ® Uz) G3) U; , and, under Assumption 5.3, we can
recover, up to permutations, U; ®Us, G(3), and Us using order-2 n'TDs (Theorem 4.2).
It remains to recover Uy and U from their Kronecker product, Uy ® Us, which we show
how to do below (taking into account the unknown permutation). Let us describe this
procedure:

Procedure 0: Unique order-3 nTD under Assumption 5.3
1. Computation of Uj3: Solve the following min-vol order-2 nTD problem

(16) min | det (G)| such that T(3) = U 2GU, ,

G,U1,2,Us

UlTQe: e,U;—e:e7 and (U 2,Us3) >0,

to obtain an optimal solution (G*,U; 5, Uy).

2. Computation of Uy,U3: Find a permutation IIj 5 such that Uy ,II7 , admits
a decomposition Uy, , = Uy ® Uy with Uflre =cand UjTe = e; see
Lemma 5.6 and Theorem 5.5 below.

3. Computation of G*: Compute the matrix G7;) = (I} 5) " G* and fold it to form
the order-3 tensor G*.

Theorem 5.4 shows that, under Assumption 5.3, a decomposition computed by
Procedure 0 is essentially unique.

THEOREM 5.4. Let T € R™*"2X7"3 phe aqn order-3 tensor satisfying Assump-
tion 5.3, with the corresponding (r1,72,73)-nTD given by (Uf,UQ#,Uf).Q#, where
rg =1179. Then for any other decomposition (Uy,Us,Us).G* obtained with Procedure
0, there exist permutation matrices 114,115,113 such that U} = Ui#Hi for alli€[3] and
gr= (H;rvH;’H;)r)g#

We defer the proof to the end of this section, and first describe the lemmas
required to prove it. The second step of Procedure 0 requires one to find a permu-
tation II7 5 such that the following problem has a feasible solution: Given Uj 11T 5 €
R™72xm172 find U, Us such that U e = e, U >0 for i € [2] such that Ufolli o =
Uy ® Us. Theorem 5.5 and Lemma 5.6 below imply that for any such permutation,
Uy and Uj obtained by solving this problem will be permutations of U# and UQ# ,
respectively.

Trying all possible permutations of [ryrs] for II7 5 is of course impractical. We will
explain in Part IT of this paper [44] how this can be done efficiently. In a nutshell, this
can be done by looking at Uf , columnwise, which requires one to check at most 172
possibilities. Moreover, this issue disappears when using the all-at-once procedure
described after Lemma 5.6.

THEOREM 5.5. Let X be an ning X riry matriz and with X = U; ® Us, where
Uy e RM*™ gnd Uy € R™%72. Such a decomposition can be computed trivially, and
is unique if U] e=U, e =e.

Proof. From Definition 2.4, we get that the (7,7)th column of X is given by

X (i) =U1(:,1) @ Us(:,5) for all i€ [ri] and j € [ra].
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Rewriting X. ; ;) as an r; x ro matrix, denoted by mat(X. (; ;)), we get that

(17) mat(X. ;i ;) =U1(;,))Uz(:,5) " for all i € [r1] and j € [ra].
Note that mat(X; ¢ jy) # 0 for all (4, ) since the columns of U; and U, are nonzero
(their entries sum to one). Rank-one matrix decompositions are unique, up to scaling,
and easy to compute. In fact, given two vectors u,v and A = uv' with A(7,j) # 0
for some (4,7), all rank-one approximations of A =uv'"T have the form v’ = aA(:, 7)
and v/ = BA(i,:) for any «,f3 such that a3 = A(i,j)~!. Since U,'e = e for i €
[1,2], the scaling degree of freedom is absent, and the columns of U; and U, are
uniquely determined using (17). Another way to see uniqueness is to notice that
mat(X. ; ;))e="Ui(:,7), and mat(X. ; ;) e =Us(: ). 0

In Part IT of this paper [44], we will design an algorithm for an optimization version
of this problem that minimizes || X —U ® V||% under the above constraints. Note that,

in the unconstrained case, this problem can be solved via an SVD computation [48].

LEMMA 5.6. Let X be an ning X rire matriz with a decomposition of the form
X = Ul# ® UQ#, where U# e R™M>*™ gnd U2# € R™*"2 gre full column rank matrices.
Let Y = X1I, where 11 is a permutation matriz of dimension rira, and Y = U} ®
Us, where U € R™*"™ and Uy € R™*" are full column rank matrices. Moreover,
(U e = (UF)Te = e and (Us)Te = (UF)Te = e. Then there exist permutation
matrices Iy and Iy such that U} = Ul#Hl and U = UQ#HQ.

Proof. Let w be the permutation map on the indices of the columns of X induced

by multiplication by the permutation matrix IT on the right. Then for all (i, j) € [r172],
there exist ¢/, j’ such that 7 (i,5) = (i’,'). Then

UF @U3) g1y = (U)o @ (U3 = Yo jry = X iy = (U7 )i ® (UF).. ;.

Using Theorem 5.5, this gives us that (U7). » = (U7).; and (Us).5r = (Uj&):’j for all
(,7) € [r1ra). If now there exists i/ # 4’ such that w(i, k) = (i, k') for some k, k', then
(UF)..s = (U)o = (UF)..in which is not possible since U has full column rank. As a
consequence, 7 maps (i, k) to (¢/,-) independently from k, thus inducing a permutation
on the indexes in the first position. The same reasoning can be repeated for the indexes
in the second position, and conclude that 7 =m ® ma, where 7 (i, 5) = (71(i), m2(5)).

In terms of matrices, this can be written as II =1II; ®Il5, where II; € S, IIs € S,
are permutation matrices and Ui = U 11y, Uz = UF TI,. 0

Proof of Theorem 5.4. By Assumption 5.3, (Ul# ® UQ#) and Uf satisfy the SSC
and rank(gé)) =13 = 1172, hence, solving (16) will find matrices (U7 5, G*,U5) such
that there exist permutation matrices I1j o,1I3 such that U7, = (Ul# ® UZ#)HLQ7
Uz =UF I3, and G* = HIQGg)Hg by Theorem 4.2.

Since, at the end of step 2, we have recovered matrices U, Us such that

(UF ©Us3) = Uy oTI; , = (U @ UF o115 .

Lemma 5.6 (see below), shows that this implies that there exist permutation matrices
I1;,1I5 such that U} = Ui#Hi for all 7 € [2]. This also gives us that IT} ,11; » = I} ®II,.
Then we have that G5 = (15 ,) ' G* =1L ® HQ)TG?; II3. On folding this matrix to
form an order-3 tensor, we can conclude that G* = (I1] , 115 , 11 ).G#. |
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All-at-once procedure via penalization. Instead of the two-step approach
described in Procedure 0, one can consider the following all-at-once procedure for
computing the nTD via penalization: for any A > 0, solve the following min-vol order-
2 nTD problem,

. 2
(18) g(3)7U1T£171Unl7U27U3| det (g(g))} + AHULQ e U2||F

such that T(3) = U12G(3Us ,U; e=e and U; > 0 for all i € [3],

to obtain an optimal solution (Gf;), Ut, U3, U3).
The following theorem shows that, under Assumption 5.3, an nTD obtained by
solving (18) is essentially unique.

THEOREM 5.7. Let T € R™*"2X"s pe qn order-3 tensor satisfying Assump-
tion 5.3, with the corresponding (r1,72,7r3)-nTD given by (Ul#,UQ#,Uf,Q#), where
rg =r1re. Then for any other decomposition (Uy,Us,Us).G* obtained as an optimal
solution of (18), there exist permutation matrices 111,11z, 3 such that Ui# =U;1; for
all i € [3] and G# = (11 , 11, , 113 ).G*.

Proof. We first want to show that there exists a feasible solution to the optimiza-
tion problem in (18). Since (U1#7 vy, Uf).g# is the nTD induced by Assumption 5.3,
using Property 5.2, we get that

(19) Tis) = U560 (UF)T, where U, = U @ UF.

It follows that (Ul# ,UQ# , Uf ,Qz& 2)) is indeed a feasible solution to the optimization

problem in (18) for all A. Let (U71*,U2*7U§,QE*3)) be an optimal solution to (18). Then

(20) | det (G5))| < |det (Gis))| + AU = U @ Us |I7
<|det (GF)) |+ UL, —UF @ UF |5 = | det (GF; )|

The last equality follows from the fact that Uﬁé 0= Ul# ® UQ# as stated in (19). Since

by Assumption 5.3, Uf @ U and U satisfy the SSC, then rank(U{ @ U') = riry =

r3 = rank(Uf). This implies rank(73)) = r3, and using Corollary 4.2.1, there exist

permutation matrices II15, I3 such that

(21) Uty = Uy, Uy =UF Tz and Gy = (o) "Gy Tl

From this, it follows that |det (g(*s))\ = |det (Gz‘é)ﬂ and, hence, using (20), U, =
Uy @Uj.

Since Uy = Uy @ Uy = (U¥ @ UF)I5, using Proposition 5.6, there exist per-
mutation matrices II;,IIs such that Uy = U1#H1 and Uy = U2#H2. This also gives
us that Gf ) = (Ih ® HQ)Tg(%;’2)H3. Rewriting this in tensor form gives G* = (I,
I, 105 ).G%. 0

5.2. Using slices. Previously we provided an identifiability result for order-3
nTD using unfoldings. However, this result is not very satisfactory as it applies only
when one rank of the order-3 nTD is equal to the product of the other two. In this
section, we provide four more practical identifiability results relying on slices of the
input tensor. For that, let us recall the following property.
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PROPERTY 5.8 (slices). Let T € R™M*"2X"3 phe gn order-3 tensor with T =
(U1,U3,U3).G, where G € R™*"2%"s . The jth slice of T along the third mode is
given by

79 =0, ( > (Ug)j,kgff’)) Uy,

ke(rs]

where Q,(f) 18 the kth slice of G along the third mode. By symmetry, the same property
applies to the slices along the first and second modes.

5.2.1. Approach 1: Two modes of the input tensor have one slice with
maximum rank. In this section, we give identifiability results for order-3 nTD under
the assumption that there exist two modes of the given tensor that have one slice
with maximum possible rank. We first state the assumptions explicitly and then in
Remark 5.10 we explain why these slices have maximum rank.

Assumption 5.9. The order-3 tensor T € R *"2%"s gatisfies Assumption 5.1 and
1. rs<r=r;=rg;
2. Ui# satisfies the SSC for i € [3];
3. there exists iy € [ng] and i3 € [ns] such that rank(ﬁf)) = r and
rank('ﬁf)) =r3.
Note that, for simplicity of the presentation, this assumption arbitrarily chooses

modes 2 and 3 to have at least one slice of maximum rank. Of course, by symmetry
of the problem, any combination of two modes can be chosen.

Remark 5.10 (why maximal rank?) Since 7 = (Uf,UQ#,Ug#).g#, using Prop-
erty 5.8, any slice 7;(3) has a decomposition of the form 7;(3) = U;5;U, for some
r-by-r matrix S; and, hence, rank(ﬁ(g)) < r. Therefore Assumption 5.9 requires that
there exists i3 € [n3] such that Tii?’) attains the maximum possible rank, r. The same
reasoning applies to 7;22) for some is € [ng]. This justifies the choice of the title for
this section.

By Property 5.8, 7}(3) = Ul(zke[m](Ug)j,kg,(f’))UJ, and, under Assumption 5.9,
we can recover, up to permutations, U; and Us using order-2 nTDs (Theorem 4.2).

It remains to recover Uz and G, which can be done via an identifiable min-vol NMF
formulation (Theorem 2.8). Let us describe this two-step procedure.

Procedure 1: Unique order-3 nTD under Assumption 5.9
1. Computation of U;,Us: Solve the following min-vol order-2 nTD problem

(22)
min | det(S;,)| such that 7;23) =U,S,U) U e=e, and U; >0 for i € [2],

Ui1,Uz2,Siq

to obtain an optimal solution (U, Us, S},).
2. Computation of U3: Form the matrix T}, = (Uf)T’EgQ), where UT denotes the
Moore—Penrose inverse of U. Then solve the following min-vol NMF problem

(23) Urgl};n det(Sz-—gSig) such that T}, =S, U, U e=e, and Uz >0,
»ig

to obtain an optimal solution (U3, S}, ).
3. Computation of G* = ((U)T, (U, (UNH).T.
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Procedure 1 assumes the knowledge of the indices for which the slices with max-
imal rank are known (namely, io and i3). From a practical point of view, if this
information is not available, one can check this rank condition for the slices along
each mode. Note that we only need to find two of them with maximal rank, without
having to look at all slices, and then solve the corresponding optimization problems.

Theorem 5.11 shows that, under Assumption 5.9, a decomposition computed by
this procedure is essentially unique.

THEOREM 5.11. Let T € R™*"2X"3 phe an order-3 tensor satisfying Assump-
tion 5.9 with the corresponding (r,r,r3)-nTD given by (Ul#,Uf,Uf,g#). Then for
any other decomposition (Uf,Us,Us).G* obtained with Procedure 1, there exist per-
mutation matrices 1y, 1y, Ils such that UF = UFIL; for all i € [3] and G* = (II]
I, 105 ).G#.

Proof. Let us first show that the n'TD (Uf’é, UQ#, Ug’é, G#) of T provides a feasible
solution to (22) and (23). By Assumption 5.9, the slices 7;22) and Tig?’) have rank r
and r3 <r, respectively. Using Property 5.8, we have

(24) 7Y =Uu#DtUF)T,

where SZ_& = Eke[rg](U?, )iy kGF and G is the kth slice along the third mode of
G#. This shows that (U, Di, (UF)T) is a feasible solution of (22), the first step of
Procedure 1. Moreover, using Property 5.8, it also follows that 7'(2) Ul# (Uf )T
Since U} satisfies the SSC, rank(U¥) = r. Hence, (U#)TTZ-E2 = DZ&(U;&) which
shows that (Di, (U¥)T) is a feasible solution of (23), the second step of Procedure 1.

Let us now show that Procedure 1 recovers an essentially unique nTD. Let
(Uy,U3,S},) be an optimal solution of (22). Since U# and U satisfy the SSC and
rank(ﬁig)) = r by Assumption 5.9, Theorem 4.2 applies: there exist permutation
matrices Hl,Hz such that Uy = U{'IL;, U = U, and S;, = I] SFIL,. Let
T = (U and T = (UD)ITY. Since Uy = UL, T = ] 7;#. Hence the
problems (23) constructed from U{" or from U are the same, up to permutations.

By Assumption 5.9, U¥ satisfies the SSC, while rank(7;}) = rank(ﬂf)) = r3 because
Uy = Ul# IT, satisﬁes the SSC and hence is full rank. Therefore Theorem 4.2 applies
0 (23): U3 = U¥1I;3 for some permutation matrix Ils.

Moreover, since U,# have full column rank, we have that (U] #)TU # = = I, for all
i € [3]. Using this, we already have that G# = (U7, (U¥)T, (U#) ).T. From this,
we can conclude that

G* = ((UNU:)',U)").T = @], 1y ,105).(U), (U, (0)1).T
:(HI,H;—,H;).Q#.

Finally, since all factors involved have full column rank, G* computed by the third
step of Procedure 1 gives the desired result:

T (U1#7U2#5U#) g# (Ul HI7U2H2 ’U3HT) (<H17H27H3)g*)
= (U{,U5,U3).G*. |
5.2.2. Approach 2: The spans of slices of the core tensor along two
modes have maximum possible rank. In the previous section, we used a single

maximum-rank slice of 7. In this section, we show how to combine slices to obtain a
stronger identifiability result. We need the following definition.
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DEFINITION 5.12 (maximal rank of a matrix space). We define a subspace of
matrices V SR to have maximal rank v if there exists A €V such that rank(A) =r.

For any family of matrices A = {A41,...,4,}, we define their linear span over a
field K as lin-spang (A) :={>__, v;4; | v; e K}.

Assumption 5.13. The order-3 tensor 7 € R™:*"2X"s gatisfies Assumptions 5.1,
5.9.1-5.9.2 (namely, r3 <r=1r) =79 and U¥ satisfies the SSC for i € [3]), and
1. the set V) .= hn—span]R+ {(]1 - gm)} has maximal rank r and the set

V@ .=lin- SpanR+{g G } has maximal rank r3.

Assumption 5.13 is a relaxation of Assumption 5.9. In fact, Assumption 5.9 re-
quires rank(ﬁ(?’)) =r for some j. Using Property 5.8,

_uf (3 gt ®) vt
ke(rs]

=:S

so that S € V®) has rank r. Similarly, one can show that V(®) has maximal rank 3.
Given an order-3 tensor 7 that satisfies Assumption 5.13, let us consider the
following randomized procedure for computing a decomposition.

Procedure 2: Unique order-3 nTD under Assumption 5.13
L. Let To =Y 12, a7, ( ) and Ta=> 12, 17'( be two random linear combina-
tions from a contmuous distribution of the slices along the third and second
mode of the tensor T, respectively.
2. Computation of U7, Us: Solve the following min-vol order-2 nTD problem

(25)
v n[}ins |det(S,)| such that T, = U S, Uy ,U;"e=e, and U; >0 for i € [2],
1,V2,0a
to obtain an optimal solution (U, U3, S},).
3. Computation of U3: For the matrix T = (U7)1Ts and solve the following
min-vol NMF problem

(26) l}?.ié%a det(S;SB) such that Tj = SpU, ,Uj e=e, and Uz >0,

to obtain an optimal solution (U3, S3).
4. Compute §* = (U, (U, (U5)1).T
Theorem 5.14 shows that, under Assumption 5.13, a decomposition computed by this
procedure is essentially unique with probability 1. The proof proceeds by showing
that the set of points a = (a1,...,a,) and 8 = (B1,...,5,) for which Procedure 2
does not return the unique decomposition are the roots of two polynomials and hence
they form a set of Lebesgue measure zero.

THEOREM 5.14. Let T € R™*"2X"3 he qn order-3 tensor satisfying Assump-
tion 5.13 with the corresponding (r,r,r3)-nTD given by (Uf,U;#,Uf).Q#. Then,
with probability 1, for any decomposition (Us,Us,Us).G* obtained from Procedure 2,
there exist permutation matrices 111,115,113 such that U} = Ui#HZ- for all i € [3] and
g = (HI7H;7HT> G#.

Proof. Let us first show that the nTD ( U1 ,U2 , (; Q# of T provides a feasible
solution to (25) and (26) with probability 1. Let T be the jth slice of 7 along
mode i. From Property 5.8, we have
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7'(3) U#s(?’) (U#)

where S](-?’) = Zke[rs](Uf)j,kg,fﬁ for all j € [n3] and gjf is the kth slice along the third
mode of G#. Using this, we obtain

(27) To =UFS.(UF)T,

where

Sa= ;80 =" 3" 0;(UF);x0F = > (0, (UF).1)GF

Jj€lr] kelr] j€[nas] kelr]

Define the n-variate polynomial

P(z) = det ( > A, (Uf).,mgijﬁ) = det ( > ((Uf))%)kg,f)

ke(r] ke(r]

Let us show that P(z) # 0. Since, V) is a nonsingular subspace, there exists a vector
t=(t1,...,tr) such that det(}_;c(, ti Q#) # 0. Moreover, since U € R"*" satisfies

the SSC, it has full column rank. Hence, (U)1U# = I,.. Taking xo = ((U3 )N Tt we
obtain

P(xq) = det ( > <<<Uf>*>%o>kgz*> = det ( > ((Uf))T«U;*)*)Tt)kgf)

ke(r] kelr]

= det ( > tkgjf> #0.

ke(r]

Hence, if « is picked at random, rank(S,) = r with probability 1. Moreover, since,
Ui, Us satisfy the SSC, rank(Ul#) = rank(UJ") = r. This gives us that rank(7,) = r
with probability 1. Hence, using (27), (U7, Sa, (U3)T) is a feasible solution to (25).

Since V) is a matrix subspace with maximal rank 73, a similar argument gives
us that rank(Sg) = r3 with probability 1. Moreover, using a similar argument to (27),
we also get that T3 = U7 S3(UF)T, where S5 = ke (B (Uf)@gif Since, U7 and
U¥ satisfy the SSC, rank(U) = r and rank(U¥) = 5. We conclude that (S, (UF)T)
is a solution of (25).

Now following the same proof as that of Theorem 5.11, it follows that the (r,r,r3)-
nTD returned by Procedure 2 is essentially unique with probability 1. ]

5.2.3. Approach 3: One slice along one mode has full rank and the
unfolding of the core tensor along that mode has full column rank. In the
previous two sections, we have focused on the case where some information related
to slices along two modes is available. What if we do not have information related to
slices along two modes, but just along one? W.l.o.g., in the rest of this section, we
assume that the information is available along the third mode. The same results hold
with appropriate modifications for the first and second modes as well.

Assumption 5.15. The order-3 tensor 7 € R™1*"2%"3 gatisfies Assumption 5.1 and
o /r3<r=r1=r9;

U¥ satisfies the SSC for all i € [3];

there exists i* € [ng] such that rank('ﬁg‘g)) =

rank(g(#é)) = r3.
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As for Procedure 1, we can recover Ul# and U2# , up to permutations, using min-
vol nTD, since 7;(*3) = U1# SU;‘7E for some full-rank square matrix S. To recover UB#
and G#, we solve another min-vol NMF problem for the projection of all the slices
7;(3) using U1# and U2#7 as described in the procedure below. Note that here we use
all the slices of 7;(3), while only two were used in Procedure 1.

Procedure 3: Unique order-3 nTD under Assumption 5.15
1. Computation of U}, Us: Solve the following min-vol order-2 nTD problem

(28)

min | det(S;«)

, min such that 7.2 = U,8;.U, U e=e, and U; >0 for i € [2]
1,U2,04*

to obtain an optimal solution (U7, U3, S7).
2. Computation of QE*3), Us: Form the matrix S* whose ith column is given by

vec((Ul*)Tﬁ(S)((UQ”‘)T)T) for all i € [n3] and solve the min-vol NMF problem

(29) gmh[lj det(g(—;)g(g)) such that S* = g(3)U;—, U e=e, and Uz >0,
(3),Us
to obtain an optimal solution (G(3), Us).
Theorem 5.16 shows that, under Assumption 5.15, a decomposition computed by
this procedure is essentially unique with probability 1.

THEOREM 5.16. Let T € R™MX*™2X" pe gn order-3 tensor satisfying Assump-
tion 5.15 with the corresponding (r,r,r3)-nTD given by (U#,UQ#,U;/:,Q#). Then for
any other decomposition (Uf,Us,Us).G* obtained with Procedure 3, there exist per-
mutation matrices I1;,112, I3 such that U} = UZ#IL for all i € [3] and G* = (11,113 ,
1 ).G*.

Proof. Let us first show that the existence of an nTD (Uf’é,(]j’é7 Uf).g# of the
input tensor 7 that satisfies Assumption 5.15 also proves the existence of a solution
to the optimization problems in (28) and (29). Using Property 5.8, the slices along
the third mode have the form

7;(3) = UI#SZ#(UQ#)T, where SZ# = Z (Uf)i,kg,f),
ke[rs]

where g,ff”) is the kth slice of G# along the third mode. Hence (U7,S% UF) is a
feasible solution to (28). Let S# be the ri73 x n3 matrix such that the ith column of
S# is given by

vec((Ul#)Tﬂ(S)((Uf)T)T) =vec(S¥)  for all i € [ng).
Then for all j € [r1] and k € [ry],

(30) (Vs = (ST )k =D (UF)im( @ik = D (GF)ikm(UF i

me([rs] me[rs]
= (68 (U) ) ki
Let us now show that the solution returned by Procedure 3 is essentially unique.
Let (Uy,Us,S%) be an optimal solution to (28). The assumptions of Theorem 4.2

are satisfied, by Assumption 5.15, hence there exist permutation matrices Iy, ITs such
that Uy = UF' Ty, Uy = U¥ 11y, and S =TI} ST,
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Let S# be the matrix with the ith column given by Vec((UfE)W;(S) ((UF)T)1) and
S* be the matrix with the jth column given by vec((Uf)T’];(g) (U3))) for all j € [n3].
We have the following relation between their ith columns:

* * 3 * 3
vee(S7) = vee(U) T (U3) 1)) = vee(I] (UF) I T2 (UF)T) T)
= vec(TI] S#11y) = (I, ® [y) " vec(S7).

In matrix form, this gives S* = (II; ® IIp) T S#. This shows that S* is equal to S#,
up to a permutation of the rows. Finally, using Theorem 2.8 on (29): there exists a
permutation matrix Tlg such that Gy = (I} ® I )G/4 Ty and Us = U§ T3, which
gives us the desired result. ]

(31)

5.2.4. Approach 4: The span of slices along one mode has maximum
rank and the unfolding of the core tensor along that mode has full column
rank. Similarly as was done between Approaches 1 and 2, we can relax the maximum-
rank assumption on one slice of 7 along the third mode to their span.

Assumption 5.17. The order-3 tensor 7 € R™1X"2X"s gatisfies Assumptions 5.1,
5.15(.1, .2, .4) (namely, \/r3 <r =11 =73, Ui# satisfies the SSC for i € [3], rank(g(#é)) =

r3), and V&) =lin-spang, {91(3), el gr(?’)} has maximal rank r.

Given an order-3 tensor 7 that satisfies Assumption 5.17, let us consider the
following procedure for computing a decomposition.

Procedure 4: Uni ue order-3 nTD under Assumption 5.17
1. Pick o = 04512 independently at random from a continuous distri-
bution for all i 6 [n3] and define the matrix A € R"3*"% whose columns are
give by the a()’s, that is, A;; = a® for i € [nz]. Let T o) = 2;3 )T
be ns random linear combination of the slices along the third mode of the

tensor T .
2. Computation of Uy, Us: Solve the following min-vol order-2 nTD problem
(32)
H(ljins |det(S1)| such that T,a) =U1S1U, , U e=e, and U; >0 for i € [2],
1,V2,01

to obtain an optimal solution (Ut,Us, S%).
3. Computation of Q(*3), U3: Let S* be the matrix with the ith column given by
vee((UF) 1T, (U5) 1)T), and solve the min-vol NMF problem
(33)
ggl)l%3 det(g(g)g )) such that ' =S*A™! =G3)Uy and Us e=e,Us >0,
to obtain an optimal solution (G(3), Us).

Theorem 5.18 shows that, under Assumption 5.17, a decomposition computed
by this procedure is essentially unique, with probability 1. The proof proceeds by
showing that the set of points o = (V... (")) for which Procedure 4 does not
return the unique decomposition are the roots of a polynomial and hence they form
a set of Lebesgue measure zero.

THEOREM 5.18. Let T € R™*"2X"s phe an order-3 tensor satisfying Assump-
tion 5.17 with the corresponding (r,r,r3)-nTD given by (Ul#,UQ#,Uf,Q#). Then for
any other decomposition (Uf,Us,U3).G* obtained with Procedure 4, there exist per-
mutation matrices Ty, My, I3 such that U7 = UFTL; for alli € [3] and G# = (TI] 117,
13 ).G* with probability 1.
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Proof. Let us first show that the existence of an nTD (Uf’& , UQ# , Uf ).G# of T that
satisfies Assumption 5.17 provides a feasible solution to (32) and (33) with probabil-
ity 1. As done in (27), we have

(34)  Tow =UFSHUF)T, where 5F =" (a®, (UF). )G for all i € [n3].
ke(r]

Since V) has maximal rank r, following the proof of Theorem 5.14, rank(7,,) =
with probability 1.

Since S# is the matrix with its ith column defined as VGC((U#)T'];@)((UQ#)T)T),
using (34), we get that the ith column of S# is given by vec(Sl#)p,q =
Zke[r]((U;’E)Tat)k(vec(gl(f)))p,q. Rewriting this in matrix form gives us vec(Si#) =
Q(ﬁ) (UHTa® | where Q(#B) is the unfolding of the core tensor G# along the 3rd mode.
Finally, this gives us that

(35) S* =gl (UF)T A,

Since A is invertible with probability 1 and rank(g(’?)) =r3, (gfg), (U¥)T) is a solution
for the second step of the optimization problem in (32).
The remainder of the proof that shows that the solution returned by Procedure 4

is essentially unique is similar to the proof of Theorem 5.16. ]

6. Higher-order nTDs. In this section, we generalize the results for order-3
nTDs of the previous section to any order. The reasoning is the same but the notation
gets slightly heavier.

As for order-3 nTDs, we will assume the tensor follows the following assumption.

Assumption 6.1. The order-d tensor T € R™ > *"4 gatisfies the following condi-
tions:
1. 7 has an nTD of the form 7 = (Uf,...,Ujé).Q#, where Ui# e R} for all
i€[d] and G# € R %7 and no columns of the U?’s are zero.
2. We assume w.l.o.g. that (U¥)Te=e for i € [d].

6.1. Using unfoldings. Let 7 = {ji,...,jx} C [d]. For any tuple (i1,...,7q),
we denote iz = (i5,,...,1;,), and iz- the tuple with the rest of the (d — k) elements,
that is, Z= = [d]\Z. For an order-d tensor T, we define the unfolding along the
mode Z, denoted by 7z, as the HjeI— n; X HjeI n; matrix with its (iz-,iz) entry
given by T;, .. .,. Similarly to Property 5.2, we have the following property for any
unfolding.

PROPERTY 6.2 (unfoldings). Let T = (Uy,...,Uq).G, where U; € R™*"i for all
i€[d] and G € R™>* %74 The unfolding along mode T of T can be factorized as

.....

Tz = (®jez-U;) G (®5ezUs) .

Assuming ®,cz-U; and ®;ezU; satisfy the SSC, we will be able to recover them
using min-vol order-2 nTD (Theorem 4.2), while we will be able to recover the indi-
vidual U;’s by using Kronecker factorizations of these matrices.

Assumption 6.3. The tensor T = (Uf&w..,Uf).g satisfies Assumption 6.1 and
there exists a nonempty set Z C [d] such that the following conditions are satisfied:
o RicsU satisfy the SSC for S € {Z,77}.
e rank(Gz) = HieI T = Hjez— ;.
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Hence adapting Procedure 0 for order-3 nTDs, we propose the following procedure
to compute an identifiable order-d nTD under Assumption 6.3. We call it Procedure
d.0 as it generalizes Procedure 0 for order-d tensors.

Procedure d.0: Unique order-d nTD under Assumption 6.3
1. Solve the following min-vol order-2 nTD problem,
(36) min | det(G)| such that 7z = Uz GU;,
Uz, I—lyG

Ufe=e, U} e=e, and (Uz,Uz-) >0,

to obtain an optimal solution (U7,Uz_.,G*).
2. Computation of (Uf,...,U;): Find permutations II7,II%_ such that UZIIg
admits a decomposition UGl = ®;esU; such that U;-"Te =e for all j € SO,
where S € {Z,Z~}; see Corollary 6.4.1 and Theorem 5.5.
3. Computation of G*: Compute the matrix G5 = (Il ) TG*II% and fold it to
form the order-d tensor G*.
Following the proof of Theorem 5.4 for order-3 nTD, one can show that if the given
tensor satisfies Assumption 6.3, then Procedure d.0 returns an essentially unique nTD.

THEOREM 6.4. Let T € RM*Xnd = (Ul#7 . ..,Uf).g# satisfy Assumption 6.3.
Then for any other decomposition (UT,...,U;).G* of T obtained by Procedure d.0,
there exist permutation matrices 11; for all i € [d] such that UF = U¥IL; for all i € [d]
and G* = (1] ,...,11])G#.

Proof. We first want to show that there exists a feasible solution to the optimiza-
tion problem in (36). Since (U1#7 cees Uf).g# is the nTD induced by Assumptions 6.3,
using Lemma 6.2, we get that

(37) Tr=UF GF(UF)T, where U = ,esU7 for all S € {Z,77}.

By Assumption 6.3, since ®iEgUi# satisfy SSC for S € {Z,Z7-} and rank(gf) =
[liczmi=11,ez- 1y, solving (36) will find matrices (Uz,U%,G*) such that there exist
permutation matrices Iy, where U% = (®;esU )y for all S € {Z,Z7} and G* =
(I, _)TG#TI; by Theorem 4.2.

At the end of step 2, we have recovered matrices U} for all i € [d] and permutation
matrices II7,II5_ such that

DiesUf = UL, = (RiesUF)IIT for all S e {Z,77}.

Using Corollary 6.4.1 (see below), this implies that there exist permutation matrices
I1; for all i € [d] such that U = UZTI; for all i € [d]. Note that, from this one can
further deduce that IIsIIg = [[;c g I1; for all S € {Z,Z7}.

Rewriting G5 = (I3 ) ' G*II} = (®;ez- Hi)Tgf(®ieIHi) in the tensor structure
gives us that G* = (I ,..., 11} ).G#. 0

In order to compute the permutations in step 2 of Procedure d.0, Lemma 5.6 can
be extended to a Kronecker product of d > 2 matrices. This follows from the following
facts:

o If Ue=e for i€ [d], then for any k <d, (®;eUi) e=e.
e For matrices A, B, rank(A ® B) =rank(A) rank(B).

Let (®ic(qU;) =Y = X1l = (®;¢q UZ#)H. Then one can apply Lemma 5.6 to the
two factors ®;e[¢—1)U;" and UjJ, which satisfy the conditions of Lemma 5.6 due to the
above facts. This gives us that ®;cq—1)U;" = (®ie[d_1]UZ#)H’ for some permutation
IT’, and we can then proceed inductively. Hence, we get the following corollary.
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COROLLARY 6.4.1. Let X be an H?:l n; X Hle r; matriz with a decomposition
of the form X = Ul# R ® Uf, where Ui# e R™X" are full column rank matrices for
all i €[d]. Let Y = XTI, where 11 is a permutation matriz of dimension Hle ri, and
Y=Uf®- - -®Uj;, where U € R"*" are full column rank matrices for all i € [d].
Moreover, (U)Te= (Ui#)Te =e for alli € [d]. Then there exist permutation matrices
I1; such that U = UFTL; for all i€ [d].

All-at-once approach. Similarly as was done in section 5.1, instead of Proce-
dure d.0, one can consider the following all-at-once procedure for computing the nTD
via penalization: for any A1, Ay > 0, solve the following min-vol order-2 NTD problem:

(38)
min |det(Gz)| + A1 (IIUI- - UAI%) + Ao <||Uz - ®U¢|l%)
Ui€RY ™™ for i€[d], Gz ieT- ieT
such that 77 = Uz- det(G7)U7 ,U,"e =, and U; >0 for i € [d],

where G7 € Riez-7ixliezri ¢4 ohtain an optimal solution (Uf,...,U;,G5). By a
result similar to Theorem 5.7, one can also show that, under Assumption 6.3, for all
A1, A2 >0, an nTD obtained by solving (38) is essentially unique.

6.2. Using slices. Let us define slices of higher-order tensors.

DEFINITION 6.5 (slices for higher order). Let T € R™* X" be an order-d tensor.
Fori < jel[d] andky € [ny)] forp#1i,j, we define the [i, j|-slices of dimension n;xn; as

(39)  (Tar i bk bsin b ks =T kg for i € 0] and k; € [n;).

Extending Definition 2.2 of the slices of order-3 tensors directly to order-d would
lead to the notation T,glllkf_lll;irlj ;j_];r,:ﬁld)kd However, we use the notation
from (39) for simplicity of the exposition.

Remark 6.6. The slices have been defined in this way (by fixing d — 2 indices)
for order-d tensors in order to still preserve the fact that each [i, j]-slice is indeed an
n; X n; matrix. We will see in section 6.2.2 that one could relax this notion of slices by
fixing j < d — 2 indices which would result in an order-(d — j) subtensor and consider
the slices to be a suitable flattening of the subtensor.

Property 5.8 can be generalized to order-d tensors in the following way.
LEMMA 6.7. Let T be an order-d tensor such that there exists a decomposition of
the form T = (Ur,...,Uq).G. Then the [1,2]-slices of T are given by

1,2 1,2
7743[3;~]-7kd = UlSl[cg,}.,kdUQT’

where
d
1,2 1,2
S][Cg,‘y,k}d = Z (H(Ui)khti)gt[g,..].,td
ti€[ry] for i€{3,...,d} \i=3
and g,[if]“td are the [1,2]-slices of the tensor G.

6.2.1. Approach 1: d — 1 modes of the input tensor have one slice with
maximum rank. The idea from section 5.2.1 can be generalized to any order by
computing one min-vol order-2 nTD to recover U; and Us, and d — 2 min-vol MF to

Copyright (©) by STAM. Unauthorized reproduction of this article is prohibited.



ownloaged OU//1s5/26 10 109.134.110. /5 by Nicolas Glllis (nicolas.giilis@umons.ac.pe). Redistripution subject to SIAIM license or copyrignt; see Nttps://epubs.slam.org/terms-priva

IDENTIFIABILITY OF nTDs—PART I: THEORY 1235

recover the other U;’s. The following assumptions generalize Assumption 5.9, that is,
there exist at least one slice along d different directions such that each of the slices
achieves maximum possible rank.

Assumption 6.8. The order-d tensor T € R > xna — (U# .. Uf).g# satisfies
Assumption 6.1, and
1. UY satisfies the SSC for i € [d];
2. for all i € {2,...,d}, there exist indices k() = {ky),...,kEQQ} such that

rank(n[(li’)ﬂ) =7,

Let us now describe how to identify order-d nTDs satisfying Assumption 6.8,
following the same idea as in Procedure 1.

Procedure d.1 : Unique order-d nTD under Assumption 6.8
1. Computation of Uj,Us: Solve the following min-vol order-2 nTD problem,

(40)
Ur%ins | det(S2)| such that 7;[(127)2] =U,5U,) U e=e, and U; >0 for i € [2],
1,V2,02
to obtain an optimal solution (U5, Us, ST). ‘
2. Computation of U;: For all i € [d]\ {1,2}, let T, = (Uik)Tn[(li’;] and solve the
following min-vol NMF problem,

41 min det(S,' S;) such that 7/, = S;U.", U, e=e, and U; >0,
[ k(i) i 1

9904

to obtain an optimal solution (U}, S).
3. Computation of G* = (U)T,...,(UHN.T.
As for order-3 nTD in Theorem 5.11, we now show that, under Assumption 6.8,

a decomposition computed by Procedure d.1 is essentially unique.

THEOREM 6.9. Let T = (Ul#, .. .,Uf).g# satisfy Assumption 6.8. Then for any
other decomposition (Uy,...,U).G* of T obtained with Procedure d.1, there exist
permutation matrices 1I; such that U} = UZ#Hi for all i € [d] and G* = (II{ ,. ..,
17).G#,

Proof. First, we show that if there exists an nTD (U7, ..., Uf).g# of T that sat-
isfies Assumptions 6.8, then there exist feasible solutions to the optimization problems

in (40) and (41). Using Lemma 6.7, 7;[(12’)2} = UI#S][:(;Q)}(UQ#)T such that

H (UJ#)kf) ,tj> gt[if].,td,

(42) Si = (
tyelrs] for ie[d]\{1,2} \je[d]\{1,2}

k(2

then gif] . are the [1,2)-slices of G#. Hence, (U, U#,S,(SA)) is a feasible solution

..... 2 13,1
to the optiIrdlization problem in (40). A ‘ o
Then using Lemma 6.7, we have 7;;3;;1 = UfS,[fl(ﬁ](Ul#)T for all i € [d] \ {1,2}.
Since U1# satisfies the SSC, rank(Ul#) =r and, hence,

1,i 1,i
(43) k/m = (Ul#)]tln[m] = S][C(i)](Ui#:)T'

Using the fact that rank(ﬁf&;i)) =r3 < r, we get rank(7/;)) = r3. It follows that

(S,E.l(;ﬁ],Ul#) is indeed a feasible solution to (41) for all i € [d] \ {1,2}.
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Now we want to show that a solution (Uf,...,U;).G* returned by the proce-
dure is essentially unique. Let (Uy,S3,Us) be an optimal solution to (40). Since
raunk(’T[(lz’)2 ]) =r, following the proof of Theorem 4.2, there exist permutation matrices

k
I, 1L, such that Uy = UFIL,, Us = U Ly, and S =11 SL L.
Let T = (UY )T(’Y;[(l;;‘]). Then using the previous result, we also have that

v = I T/, where T/, is as mentioned in (43). Let (S;,U;) be an optimal

solution to the optimization problem in (41) when run on 7,7, for all i € [d] \ {1,2}.
Then (II] S ,[:(,’3], U;) is also an optimal solution to the second step of the optimization
problem in (41) when run on T}, for all i € [d] \ {1,2}. Again following the proof of
Theorem 2.8, we can conclude that there exists a permutation matrix II; such that
S;= HlTS][Cl(f)jHi and U} = Ui#Hi for all ¢ € [d] \ {1,2}. Moreover, since Ui# have full
column rank, we have that (UZ#)TUZ# =1I,, for all i € [d]. Using this, we already have
that G# = (U)1,..., (Ujﬁ)Jf).T7 and we conclude that

G = (U)o DT = (] ). (OF) o ) ).T)
= (I} ,...,11;).G%.

Finally, using, the following relation

T=f. . UHGF = (O], 0. (W, TG = (UF . Uf) G

the decomposition returned by the procedure is an (r,r,7s3,...,74)-0TD of the ten-
sor T. O
Remark 6.10 (variant for Assumption 6.8.2). Let S C ([g]), where |S| > d. We

say S covers [d] if for all j € [d], there exists i € [d] such that (i,5) € S or (j,i) € S.
Then Assumption 6.8.2 can be replaced with the following one: There exists S which

covers [d] such that for all (¢, j) € S, there exists kgi’j ), . kc(lif; such that 7;((”]))

achieves maximum possible rank. The restriction on the dimensions of the core tensor
needs to be imposed accordingly. And then, one can devise a procedure similar to
Procedure d.1 to compute the factors and the core tensor.

6.2.2. Approach 3 for order-d tensors: Fully generalized slices. In this
section, we generalize Approach 3 from section 5.2.3 to higher orders. Recall that,
in that approach, we had rank guarantees on a slice along a certain mode and on
the unfoldings of the core tensor along the same mode. For any two indices i # 7,
[i, j]-slices for an order-d tensor 7 € R™* %" are defined in Definition 6.5 as n; X n;
matrices formed by fixing d — 2 indices of the tensor and letting the other two indices
vary. However, one can generalize this definition by fixing a subset of indices [J C [d].
The resulting slices are subtensors of order (d — |7|). Then, given another subset
K C[d]\ J, we call the slices to be the KL-unfoldings of the corresponding subtensors
(following the definition of unfoldings of order-d tensors).

Let [d]=Z U J UK, where Ul denotes a partition into disjoint nonempty subsets,
that is, [d|=ZUJUK, IT# 0, T4, K+, INT =0, INK=g, and TNK=2.
For any index (i1,...,iq), we define ig to be the tuple with elements iy, where k € S
for all S € {Z,J,K}. Then for any order-d tensor 7 € R™* " *"d we can define
the (J,K)-slices of T to be the [],c7ni X [[,cxc nr matrices (7;(3‘7)) =T i

Note that ideally one should refer to these slices by 7;(3‘7”@ since K is necessary to

1T, d-

fix the corresponding unfoldings. But here we will just refer to them as 7;(3‘7) because
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the subset of modes along which the unfolding will take place will be clear from
context.

Note that since Z,J, K # @, for the order-3 tensor case, this forces |Z| = |J| =
|| = 1. Then in that case, the (J,K)-slices correspond to the actual slices of the
tensor.

The following structural result holds for (7, K)-slices of T.

LEMMA 6.11. Let T € RM > *"d pe an order-d tensor with TD T = (Uy,...,U4).G,
where U; € R™*" for all i € [d] and G € R™* " *"d_ Then, for any Z,J,K such that
[d=TUJUK, the (J,K)-slices denoted by 7;(;7) can be decomposed into

(44) T = (@w)d?(@m) ,

i€l ke

D§;7) = > ( 11 (Uk)ik,i;>gi(/j)7

i%€[r;] for all j€J \k€J

and i'; is the tuple with i’ il for all j€J and Q(J) are the (J,K)-slices of G.
Moreover, if D7) s the (ILiezri)(Ikex rk) X (I1jez7j) matriz with its columns

given by Vec(DZ(J)), then DY) can be decomposed into

)
(45) P g, ( Q UJ) |

€T

Proof. Let ZTU J UK be a partition of [d] into disjoint nonempty subsets, and
for a tuple of indices (iy,...,4q), let iz,is,ix be the tuples of indices induced by
this partition. Following the definition of the multilinear transformation operation,
we have that

iy €[ry] for all te[d] ke[d

J
(@) <D5;>%(®Uz—) ,
€L iz,il i€ K,

where

(46) D= 3 (H(Um,yk)(g;j)),
keJg

iy €[ry] for all teJ

/!

an([:l ]Z/I,Zb,’L;C is the partition of the tuple (¢},...,4,;) induced by the disjoint subsets
of [d].

Since DY is a matrix of dimension (T;cz i) ([Tpez me) X (I 7)), we will denote
its entries with the indices (iz,ix),iz. If DY is the matrix with columns given by
vec(Dg)), then using (46), we get that
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(J)
(DJ)(iI,i)c),ij = (Dij )(iI,ilc)

Z ( H (Uk)ik,i;€> (gi(i))iz,z‘,c

i, €[ry] for all teJ \keJ

.
> (G7)(iz,ix). <® Uj)

i, €[ry] for all teJ JjeT Vg

T
JjeTJ (iz,ik),t7

In the rest of this section, we generalize the ideas from section 5.2.3 to higher
orders.

Assumption 6.12. The order-d tensor T € R > xna — (UF .. Uj).g# satisfies
Assumption 6.1, and
1. there exists a partition ZU J UK of [d] such that @), ¢ U¥ satisfies the SSC
for Se€{Z,J,K};
2. there exists i 7 such that rank(ﬁ(jj)) =[Lezri=Iliexrr=1;
3. the unfolding of the core tensor along the mode J satisfies rank(gﬁ) =
[Liesmi< r2.
Given an order-d tensor 7 that satisfies Assumption 6.12, let us consider the
following procedure for computing a decomposition.

Procedure d.3: Unique order-d nTD under Assumption 6.12
1. Solve the following min-vol order-2 nTD problem,

(47)
min_ |det(S))| such that 7, = UzS,UL U e = e, and U; >0 for i € {Z,K},
Uz,Uk,S1 7
to obtain an optimal solution (U3, U, ST).
2. Form the matrix S* to be the matrix with i7th column as
Vec(U}Tﬁ(JJ)(U £T)T), and solve the min-vol NMF problem

(48) énlljg det(G'G) such that S*=GU},Uje=¢e,Us >0,
to obtain an optimal solution (G*,U%).
3. Compute U for all 7 € [d]: Find permutations I17,IT%, II% such that UgITs
admits a decomposition Uglly = ®;esU;" such that U;‘Te =eforall j€S
where S € {Z,7,K}; see Corollary 6.4.1 and Theorem 5.5.
4. Computation of G*: Compute the matrix G ;) = (Il ® I ) T G*IT% and fold
the matrix to compute the order-d tensor G*.
One can then prove a generalization of Theorem 5.16 to show that under Assump-
tion 6.12, a decomposition computed by Procedure d.3 is essentially unique.

THEOREM 6.13. Let T be an order-d tensor such that Assumption 6.12 is satisfied
and let (Ul#, ...,Uf).g# be the decomposition induced by these assumptions. Then
for any other decomposition (Uy,...,U;).G* returned by the procedure, there exist
permutation matrices T; for i € [d] such that Uf = UFTL; for all i € [d] and G* =
(..., 1] ).g#*.
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Proof. First, we show that the existence of an n'TD (Ul#7 ceey Uf).g# of the input
tensor T that satisfies Assumptions 6.12 also proves the existence of a feasible solution
to the optimization problems in (47) and (48). Using Lemma 6.7, the (7, K)-slices
have the form 7;(;) = UfSl-(Jj)(U,?)T for all js € [ng], j4 € [n4] such that

(49) Si(f) = Z ( H (U]#)w;> gz«(/‘;)7

i}e[rj] for all jeJ \j€J

where 117 is the tuple of indices 23 forall j € 7, Qi(,f) are the (7, K)-slices of G#, and
Ué’é = ®j€SUJ#7 where S € {Z,K}. Hence, (Uf,U‘ﬁ, Si(‘j)) is a feasible solution to the
optimization problem in (47). If S7) is the matrix with its i; column as Vec(Si(j)),
rewriting (49) in matrix form, and using Lemma 6.7, we get that S(7) = QJ(U;&)T,
where Uﬁ = ®jej U; and gfy) is the unfolding of G# along the J mode (following
the definition at the beginning of section 6.1). Then (gf;, Uﬁ) is a feasible solution
to the optimization problem in (48).

Now we want to show that a solution (UT,...,U}).G* returned by the procedure
is essentially unique.

Let (Uz,Ug,S%) be another distinct optimal solution to the first step of the
optimization problem in (47). Then following the proof of Theorem 4.2, we already
get that there exist permutation matrices II%,II}- such that U = U, é’t IT, where
U¥ = ®icsUY for S € {T,K} and Sy = (H’I)T&#HQ. Let S# be the matrix with i 7th
column given by Vec((Uf)Tﬁ(jj) ((U,?)T)T) Now, following the proof of Theorem 5.16
(refer to (31)), we get that

(50) S* =7 @1I) " 5%,
Let (G*,U%) be another distinct optimal solution to the second step of the optimiza-
tion problem in (48) when run on S*. Using (50), ((II} ® Hk)Tgﬁ,U}) is also an
optimal solution to the optimization problem in (48) when run on S*. Then using
Theorem 4.2, we get that there exists a permutation matrix II7 such that G* =
(I ® ) TGHIT, and U = (®;e7U7 )T

At the end of step 3 of Procedure d.3, we have recovered matrices U for all : € .S
and permutation matrix II%, where S € {Z,J,K} such that

®jeSU}k = UgHg = (®jeSUg#)H/SH§-

Corollary 6.4.1 shows that there exist permutation matrices IIy,...,II; such that
Uy = UXIL, for i € [d]. Tt also follows that I ITE = ®,es1l; for S € {Z,7,K}. This
gives us that

Gr= (®iezuxﬂi)Tgﬁ(®jejnz‘)
using which we can conclude that G* = (HlT, .. ,H}).Q#. ]

Two-step procedure. Instead of using Procedure d.3, one can also consider the
following two-step procedure:
1. For any A1, A2, A3 > 0, solve the following optimization problem,

i det A — QiczUi||% + A — 2
U, forIznelgulC,SJ et(S1)| + M [|Uz — ®iezUil|z + X2l|Us — @rex Ukl 7
such that 7,7 = UzS1U{, U e=e, and U; >0 for i e TUK,

to obtain an optimal solution U} for all i€ ZU K and S7.
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2. Form the matrix S* to be the matrix with the ((iz,ix),i7)th column given by
vee ((@iezUN)' TS (@rexU) ')
and solve

' det (G} 3||U7 — @jesUjl |2
gJ7U?1fl£jeJ et(G7G7) + Xs||Us — ®5e7Ujl| %

such that S* :gJU} , UjTe:e7 and U; >0 for all j € 7,
to obtain an optimal solution U;" for i € J and g}.
By a result similar to Theorem 5.7, one can show that, under Assumption 6.12, for
any A1, Az, A3 >0, an nTD obtained with the above two-step procedure is essentially
unique.

6.2.3. Using random linear combinations of slices. The idea of
section 5.2.2, to take random linear combinations of slices instead of just one, gener-
alizes in a similar way to order-d tensors. Note that an order-d tensor has Hf:_f n;
many (d — 1,d)-slices. So if we are just given access to the entire tensor, taking a
random linear combination of the slices indeed requires looking at all the entries of
the tensor which is computationally heavy. We could of course use a tradeoff and
select a subset of slices. One could also look at other computational models where
the underlying assumptions is that a succinct representation of the tensor is given as
input and in those settings, one could access the random linear combination of slices
at a much lower cost; see [30, 43] for more detailed discussions.

7. Kronecker product of two matrices and the SSC. In quite a few cases,
our identifiability results relied on the Kronecker product of two or more factors to
satisfy the SSC, namely, for order-3 nTDs using unfoldings in Theorem 5.4, and for
higher-order nTDs in Theorems 6.4 for unfoldings and 5.16 for slices. In this section,
we discuss sufficient conditions for the Kronecker product of two factors to satisfy the
SSC.

As discussed in section 5, for order-3 nTDs, one has similar identifiability results
when the factor matrices individually satisfy the SSC, or when the Kronecker product
of two of them satisfies the SSC. One can then ask the following question.

QUESTION 7.1 (SSCness of Kronecker product of SSC matrices). Let U; € R %"
satisfy the SSC for i=1,2. Does Uy ® Uy € R™"2%""2 gqtisfy the SSC?

Unfortunately, the answer is negative as soon as min(ry,72) > 3 and
max(ry,r2) >4 (Theorem 7.2), otherwise it is positive (Corollary 7.5.2). The negative
result is as follows, the proof of which is deferred to section 7.2.

THEOREM 7.2. For min{ry,ro} > 3 and max{ry,ro} > 4, there exist U; and Us
satisfying SSC while Uy ® Uy does not satisfy SSCI.

On the other hand, when either U; or U, is separable and the other is SSC, their
Kronecker product is SSC (this will be a consequence of Theorem 7.5).

Since separability is much more restrictive than SSC (see section 2.2), we now
define a condition in-between separability and SSC, that will allow us to prove SSCness
of the Kronecker product between two matrices satisfying this condition.

DEFINITION 7.3 (expanded sufficiently scattered condition (p-SSC)). Let U €
RY", r>2, and p>1. The matriz U satisfies the p-SSC' if
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FIG. 2. Visualization of p-SSC in the case r =3 on the plane {x €R” | eTx =1}. On the left,
the cones Cp with 1 < p < /T —1 and Cq with \/r —1 < g <+/r. On the right, the cone C = Cm
and the nonnegative orthant R:_ =C;.

Cp={zeR | eTprH:EHQ} C cone (UT).

Intuitively, p-SSC of U requires cone(U ") to contain a larger cone than the one
required by SSC1 when p < +/r —1, as shown in Figure 2. For p = 1, p-SSC is
equivalent to separability because C; = R’,. For any p < v/r — 1, p-SSC implies the
SSC, because C; C C,, for any ¢ > p, and C = C, =, that is, p-SSC with p=v/r —1
is equivalent to SSC1; this is why we need p smaller than +/r — 1 to have SSC2 and
hence SSC.

We can now ask the following question.

QUESTION 7.4 (SSCness of Kronecker product of p-SSC matrices). Let U; €
R™ X" gsatisfy the p;-SSC for i = 1,2. For what values of the p;’s does Uy @ Uy €
R™Mn"2xmrz sqtisfy the SSC?

Before providing an answer to this question, let us discuss further the p-SSC
condition. It is linked to the so-called uniform pixel purity level v defined in [39] as
follows:

fy::sup{sgl ’ Bs N A" C conv (UT)}, where Bs={zeR" | |z| <s},

where U is assumed to be a row-stochastic matrix (w.l.0.g.). Since cone(Bs N A") =
Cyi/s, it is immediate to see that a row-stochastic matrix U satisfies p-SSC if and only
if its uniform pixel purity level is at least v>1/p.
Moreover,
e in [20], it is proved that U satisfies the SSC according to Definition 2.7 if and
only if it satisfies p-SSC for some p? < r — 1 when r > 2;
e as a consequence, min-vol NMF (7) is identifiable if H satisfies p-SSC for
some p? <7 — 1 when r > 2;
e when r =2, the separability conditions, SSC and 1-SSC coincide.

7.1. Kronecker product of expanded SSC matrices. The following theo-
rem provides an answer to Question 7.4. It will also allow us to answer Question 7.1.

THEOREM 7.5. Let U; € R™*"i satisfy the SSC and p;-SSC for i = 1,2. Then
Uy @ Uy € RM™2xmr2 gqtisfies the SSC when

2 2

T —PpP1 T2 — P3
1< + .
\/p%(rl —1) \/pg(r2 -1
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Proof. First of all, notice that since U; satisfies the SSC, p? <r; —1 and, if r; > 2,
then p? <r; — 1.
The condition SSC1 on U; ® U, is equivalent to the condition

(U1 @U)v>0 = e v> |,
and by recasting v to a matrix V € R™*"2_ that is, V = mat(v), it can be written as
ULWVU >0 = e"Ve>|V|p.

Let us suppose from now on that U1VU2T > 0. Since U satisfies p;-SSC with p? <
r1 —1,CCCp, Ccone(U;") and cone*(U;") CC* =C;. Since Uy satisfies p2-SSC,

(51)
UVU, >0 = VU, x € cone* (U] ) V>0 = Vuy € cone*(U;') Vusy € cone(U, )
= e Vuy > ||[Vus|| Vuz €cone(U, ) = e Ve>||Ve| Veel,.

Take now a; > 0 as the largest constant such that a;e +e; €Cp,. Since aze 4+ e >0,

we have e (a;e + e1) = p;||aje + e1||, and by squaring each term,
p? p?
(52) (rici +1)% = p (afr; + 20; +1) = f(am +1)% 4} - ?Z
i i
r;—1
= (r; + 1) =p?— .
( i+ ) Di T _ng

Moreover, notice that for any ej, e (e —e;) =r; — 1 > p;v/r; — 1 = p;|le — e;]| since
by hypothesis p; <+/r; — 1. As a consequence, e —¢; € Cp, and a;e + e € Cp,. From
(51), we find that

(53)
UWVU) >0 = e"V(age+ej) > ||Viase+ej)l, e Vie—e;)>|V(e—ej)| Vi

and, thus,
(a5 +a2)[Vel® + (az + 1) [Vey|* = [V (aze + ;) |* + az [V (e — e;)|?
< (eTV(ozge + ej))2 +az(e"V(e— ej))2
= (a2 + ay) (eTVe)2 + (g + 1) (eTVej)2 Vg
or, written in a simpler way,
a|[Vel? + Ve, ||* < oz (eTVe)2 + (eTVej)2 V5.

By summing the above relations over all indices j, we get a bound on the Frobenius
norm of V:

2
(54) IVIE =Y IVejl* < aara (e"Ve) + [le V> — agral[Ve|>.
i

By applying the same reasoning by swapping U; and U, we obtain the symmetric
relation

2
(55) ||V||% <agr; (eTVB) + HVe||2 — oquﬂeTVHQ.
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Since e € Cp,, from (51) we get that e’ Ve > ||[Ve|| and by exchanging Uy, Us we also
get the symmetric relation e’ Ve > |le"V||. We can thus rewrite the conditions (54)
and (55) with a change of variables as

2
z=|V|%/(e"Ve)", r < agry + 2 — agray = f2(y, 2),
2
y=|Vel?/(e"Ve)", = Jz<arm+y—ariz=fi(y,2),
2= [eTVI?/ (eTVe)®, 7y, 2>0, y,2<1,

and, in particular,

(56) < max min{f(y,2), f1(y,2)}.

~ 0<y,2<1

Notice that if fo(y,2) < fi(y,z), then to raise the value of the minimum, one can
increment z to Z until either fo(y,z) = f1(y,Z) or Z = 1 and, in the second case,
one can decrease y to ¥ until again fo(g,1) = f1(7,1) or § = 0. Since f1(0,1) =
0 <1+ agrs = f3(0,1), we conclude that, by this procedure, we will always reach a
point (7,%) such that f2(7,z) = f1(7,Zz). The same reasoning can be repeated when
f2(y,2z) > f1(y,2) to conclude that we have to check only fi(y,2) = fa(y, z). Since

f1(y,2) = fa(y,2) <= (1+air)z=(1+ agra)y + a1 — asrs

aporire — 1 apoorire — 1
1027172 (1—y)=1+1212

= fl(yvz):fQ(yvz):1+ (1_'2)7

1 + 171 1 + a9T9
we have
i = < 1
oLax min{fa(y,2), A1y, 2)} o Jnax o fily2) < max
f1(y,2) = fa(y, 2)
17179 — 1
Qa2 =l )
+oaqry
—1 1
=max<1,1 +w = max LalHM .
1 + a1ry a1 + 1
Putting together (56), (52), and the hypothesis, we get
. agry +1
< a <max{ 1 —_
o< g min{ (0.2 ()} < max{ o, 22

Q171 +1
=max {1,1+ (aors + 1)[1 — (aora + 1) 7" — (aqry + 1) ']}

ro—1 ro — p3 T —p3
= L1+ /p3 1— - =1.
max{ ) + p2T2_p% l \/p%(’l“g—l) p%(?‘l—l)

Recalling now the variable change for x, we conclude that ||[V[|% < (e Ve)2. By (51),
we have that e Ve > ||Ve| > 0, so finally e" Ve > ||V, that is, U; ® Uy satisfies
SSC1.

To prove that U; @U; satisfies SSC2, let v € cone* (U @U, )Nbd(C*) be a nonzero
vector. Recasting v as the matrix V € R™*" = mat(v), we can rewrite the condition
as U1VU, >0 and e'Ve = ||[V||p. Since we already proved that e’ Ve > ||V||r, we

1) — 1
:max{171+a1r1(a2r2—|— ) — (o + )}
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can retrace all the formulas of the proof for SSC1 and substitute the inequality signs
with equality ones. In particular, (53) becomes

(57) [V(e—ej)l=e'V(e—ej) forallj.

Let now us analyze the concave function g(z):=e'Vz — ||Vz||. We know that g(e —
e;) =0 for all j and that g(uz) >0 for all us € cone(Uy;") due to (51).

Since cone(U, ) is an SSC nonnegative cone, then C C cone(U, ) € R’?. The
point e — e; belongs to the boundary of all of the three conesl and, in particular, it
lies on the relative interior part of the facet Fj := {z € R’ | x; = 0} of R'?. Since
cone(U, ) is polyhedral, and F} is tangent to C in the point e — e;, then necessarily
cone(U, ) must possess a facet G; C F; such that e — e; lies on the interior part
of G;. Therefore, g(z) is a concave nonnegative function on G, that has a minimum
in the interior point e — e;, so g(z)|¢, = 0. It means that (e'Vz)? = ||[Vz|* or,
equivalently, 2"V T (ee” —I)Vz=0 for all z € G;. This is a quadratic function, that
is, in particular, analytic, taking the value zero in an open set G; C {z; = 0}, thus
implying that 2"V T (ee” —I)Vz =0 for all z such that z; = 0 by analytic continuation.
Moreover, for a quadratic function to be zero on 75 distinct hyperplanes, necessarily
2TV T(eeT —=I)Vz=0 implies V'V =V Tee'V or ry = 2. Doing the same reasoning
by inverting U; and Us brings us to the conclusion that y'V(ee” —I)V Ty =0 for all
y such that y; =0 and, in particular, either VVT =Vee VT or ry =2.

If ry =79 =2, then both U; and U are separable and thus U1VU2—r >0= V>0
and e"Ve=||V|p = V = Xese] for some indices 4,5 and A > 0.

Otherwise the matrix V' must have rank-1 and can be written as V = pq' and,
since V # 0, both p, ¢ are nonzero. Since z' V' (ee” —I)Vz=0 for all z that have at
least a zero entry, if ¢; #0 and z =e;, we get

(=" 9)*((e"p)* = lIpl*) =0 = le"p| = |Ipll,

and, if needed by changing the sign of both p, g, we can conclude that e p = ||p|| and
p €bd(C*). Since e € cone(U;"), then by (51) for any usy € cone(U, ), we have

e Vuy > ||Vl = e p-q ua > |Ip|l -l uz| = q uz >[q us| >0

and, therefore, ¢ € cone*(U, ) and, in particular, ¢"e > 0. Notice that from the
symmetric reasoning, we still have that y' V(ee” — I)V Ty =0 for all y that have at
least a zero entry, so |e'q| = ||¢||, and from above we conclude that e q = ||q|| and
q € bd(C*) Ncone* (U, ). Analogously, we also find that p € bd(C*) N cone* (U;").
Finally, since U; and U satisfy the SSC2, then both p and ¢ are positive multiples
of canonical basis vectors. The matrix V =pg ' is thus a zero matrix with the exception
of a single positive entry, and the original vector v will thus also be a positive multiple
of some e;, proving that U; ® Us satisfies the SSC2. O

Theorem 7.5 is important because it gives precise bounds on the expansion factors
p1,p2 for the SSC conditions on U; and Us; to achieve the SSC condition on their
product U; ® Us. An immediate corollary is that if one of the two is separable and
the other satisfies the SSC, then the product also satisfies the SSC.

COROLLARY 7.5.1. Let Uy € R™ %™ gatisfy the SSC and let Uy € R™2*"2 satisfy

p2-SSC for any
2 79 - ]. 2
bz L+ (rg = 1) f(r1)’ f(rl)<17”1—1) .

Then Uy @ Uy € RM™2%7172 gqtisfies the SSC.

IN
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In particular, if Uy satisfies the SSC, and Us is separable, then Uy ® Uy satisfies the
SSC.

Proof. Since U; satisfies the SSC, then it is p;-SSC for some p? <r; — 1. If we
now analyze the condition on p; and py given by Theorem 7.5, we find that

r—pi 2 — 3 1 ro[l+ (ro = 1) f(r)] —r2
\/p%(rl—l) +\/p%(r2—1) 21"1—1 +\/ ro(rg — 1)

1
= = 1
—— f(ri)
and thus U; ® U, satisfies the SSC. Moreover, since 0 < f(r;) < 1, then the upper
bound on ps in the hypothesis is at least 1. In particular, if po =1 then Us is separable
and U; ® Us satisfies the SSC. ]

We can now turn to Question 7.1 and give a positive answer when the dimension
r; is low enough.

COROLLARY 7.5.2. Let (r1,r3) with g =2 orro =2 or ry =19 = 3. For any
Uy € RMm*™ and Uy € R™%72 gatisfying the SSC, their Kronecker product Uy ® Us
satisfies the SSC.

Proof. Let r1 = 2. Since U; satisfies SSC, then U; is also separable, and the
results follows from Corollary 7.5.1. The same argument can be repeated for ro = 2.

The only case left is r; =75 = 3. Since Uy, U, satisfy the SSC, then p?, p3 <2 and
the condition in Theorem 7.5 reads as

—p? - 3—p2  [3-p2_ 1 [1
nort 7‘2 P i f%[ﬂ[l,
pi(ry —1) ro —1) 2p7 2p3 4 4

thus proving that U; ® U, satisfies the SSC. 0

Sadly, the same result does not hold for all other choices of dimensions (r1,72),
as shown in the next section.

7.2. Negative answer to Question 7.1 for r1,72 > 3 and max{r,,r2} > 4.
Notice that the definitions for SSC and p-SSC only talk about cones, thus we can
always normalize all the nonzero rows of U into stochastic vectors. For this reason,
from now on we focus only on row stochastic matrices.

The condition SSC1 on U; ® Us is equivalent to the condition

(U1@U)v>0 = e v> v,
and by recasting v to a matrix V € R™*"2_that is, V = mat(v), it can be written as
U\VU) >0 = ¢e'Ve>||V|p.

As a consequence, to have a negative answer to Question 7.1; it is enough to look for
matrices V' € R™*"2 for which U; VU, >0 and e Ve < ||V|z when both U; and Us
satisfy the SSC.

LEMMA 7.6. Let U; € RTX”, where cone(U,") C Cp, fori=1,2, r1 <rg, and

1 1 1 1 1 r-1
@ GG
p1 T Py T2 Tory 7172 — 1

then the product Uy ® Us does not satisfy SSCI.
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Proof. Call ¢; = pT‘ — L and notice that we can always consider U; row stochastic.
If w; is any row of U;, then

cone(U;") CCp = 1= (e wi)® 2 pF |uill® = pF (llus — e/rill* + lle/ril|*)

1 1
2
= ||lu; —e/ri||" <= — — =g¢;.
”1 /1” = % 7 7

The hypotheses (58) can thus be rewritten as

(59) max 1Ui(i,:) " = e/r|* <ei, max [|Uz(j,:) " —e/ra? < ca,
i€[n1] j€[nz2]
1 1 — 1
c1C < —

roT1 1T — 1 '
Let now V = AE/ /rir3 + B € R™*"2 where F is the matrix of all ones, A >
J/cicariTe, and B is any real matrix satisfying
Be=0, ¢'B=0, |B|=1, [Blfp=r -1

This can be realized as B = Q,Qg, where Q; € R"*("m=1) Q, € R™*("=1) are
matrices with orthonormal columns such that e’ Q; = 0, e’ Q2 = 0. We can thus
compute

A A E E
U, VU, = ——-—_U,EU, +U,BU, = E+|Uy—=)B(U] —=
R e Y R GLIIEY A G R

A
> E— | max |U —e/r1|| ma U‘,:T—eT)BE
> 2 (@xu 1(6:)T = e/ra| max 02,7 —/ral ) 121

A
- - E>0,
< Ty 0102) =
(e TVe)2 = \2ryrg,

2
+IBll3 =2+ — 1.

|V||F—H _p
F

Hence U; VU, >0, and e Ve < |V||# holds if and only if A\? < % Since A >
\/c1carira, then for
1 r1 — 1

c1ca < —_—
T1Trq9 179 — 1

we can find a \ such that U; VU, >0 and e’ Ve < ||V||F, that is, the matrix U; @ U,
does not satisfy the SSCI. ]

Using Lemma 7.6, we can now prove Theorem 7.6.

Proof of Theorem 7.6. Suppose w.l.o.g. that r; <ry. Let us look for Uy, Us, ¢y, co
satisfying (59) with Uy, Uy SSC, so that U; ® Us automatically does not satisfy SSC1
by Lemma 7.6.

If U; satisfies SSC1, then there exists a column wu; of UlT that is also an extreme
ray for cone(U;") that does not lie in C, and thus

2

1 1 1 1
> —_—.
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Analogously, there exists a column uy of U, that is an extreme ray of cone(U, ) and
respects ca > |[ug — e/r2|? > 1/(ra(ra — 1)). Therefore a necessary condition for the
existence of ¢y, co satisfying (59) is

1 1 1 rn-1

<Ceg < ————— <= rirg— 1< 7”1—127“2—1.
r2(re — 1) r1(r1 — 1) rory rire — 1 ( ) ( )

(60)

It is easy to see that for r1 > 3 and ro > 4, the last relation of (60) is satisfied. If we
impose ¢;r;(r; — 1) = A for i =1,2, then ¢, ¢y satisfy (60) whenever

1 —1

1< )\2 < T2T1 Tz‘;zfl _ (TQ - 1)(T1 - 1)2

1 1
—_ rirg — 1
ro(ro—1) ri(r1—1) 172

)\: 4 (T‘Q — 1)(7’1 — 1)2
r1ro — 1 ’
To conclude, we need to build U; satisfying the SSC such that any row u; and, in

particular, any vertex of cone(U, ), satisfy ||u; —e/r;||? < ¢;. In [10], it is proved that
for any € > 9§ > 0 there exists a polyhedral cone G such that

which holds, for example, for

LyegrcLy,  L={(z,t) eR" [ (1 +)t = |||}

If @ € R™*" is any orthogonal matrix mapping e; into e/+/r, and D € R™*" a diagonal
matrix with all diagonal elements equal to r1—1 except for the first equal to 1, then
it can be easily proved that QDL =C and, more generally, that

. T 2 (1+’Y)2 r ro_
yeQDLl, eTy=1 — |y—e/r| gm — QDLWQRJr—C\/ﬂ.
(A4y)24r—1

If now we set € such that (1+¢€)? =X and cone(U," ) = QDG NRY}, we conclude that
Ly CGliCLl = CCC ————C cone(U;") C QDL
€ € /ﬁ i €
In particular, any row wu; of U; satisfies ||u; — e/r;||? < ﬁ =¢;, and U; is SSC
Ti (’I‘ifl)

o1 <7~ L O

The last result does not present an explicit construction for U; and Us that
negates Question 7.1, but it proves its existence. The proof relies on the construction
of [10, Proposition 3.1] that also gives us a lower bound on the number of rows for
an SSC matrix U; € R™*". Recall that by Theorem 7.6, we need that C = C\/mj -
cone(U;") C Cp,. If \/r; —1 — p; is quite small, then C,, and C./m=1 are very close
and every point on the boundary of C,, must be close enough to an extreme ray of
cone(U,"). Once we have an upper bound § on this distance, we find that the union of
the balls with center a vertex of cone(U;") and radius § must cover the surface of C,,.
As a consequence, we can compute a lower bound on the number of balls (and thus
vertices) needed for the covering. Following the proof of Theorem 7.2, one obtains

(61) n; = 1 Q(”): L Q(”): 4 w_l
¢ € A—1 T1T2—1

since it is p;-SSC with p? =

—Q(r;)
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Theorem 7.6 thus ensures that whenever min{ry,r2} > 3 and max{ry,ra} >4, we
can always generate U; and Us that satisfy the SSC, and whose Kronecker product
does not satisfy the SSC1.

7.3. Numerical experiment. As shown in Theorem 7.2, for min(ry,re) > 3
and max(ry,r3) > 4, the Kronecker product of two sufficiently scattered matrices with
r1 and ro columns does not necessarily satisfy the SSC. However, this is a worse case
scenario where n; and ns need to be very large in the construction of our counterex-
amples (see (61)), and we have observed experimentally that this Kronecker product
often satisfies the SSC. In fact, when we started to study this question, we were
trying to find counter examples numerically, generating randomly matrices satisfying
the SSC, but we were never able to generate a counterexample with such a random
generation process. In particular, we randomly generated U; and U, of dimensions
20 x 4, each of which have two nonzeros per row, as done in [24, section 5.1]. Using
the algorithm to check the SSC criterion [24, Algorithm 1], in 13 out of the 20 cases,
both U; and U, satisfy the SSC. In each of these 13 cases, their Kronecker product,
Uy ® Uy € R400X16 - a]s0 satisfied the SSC.

7.4. Future Directions. Since the Kronecker product of randomly generated
sufficiently scattered matrices appear to often satisfy the SSC, it would be interesting
to explain this behavior theoretically (e.g., using some well-defined generation process
for Uy and Us, and quantifying the probability for their Kronecker product to satisfy
the SSC). However, this is a hard question because checking the SSC is NP-hard in
general [28].

For tensors of order larger than 3, we might need the product of more than two
factors to satisfy the SSC; see Theorems 6.4 and 6.9. Theorem 7.5 cannot be used in
this context: it only guarantees the Kronecker product to be SSC, not p-SSC, which
would be needed to use Theorem 7.5 recursively. Ideally, we would need to show that
the Kronecker product between two matrices, one satisfying p;-SSC and the other
satisfying ps-SSC, satisfy p-SSC for some p depending on p; and py (note that, for
p1 =p2 =1, p=1; this is the separable case.) This is a topic for further research.

8. Conclusion. In this paper, we provided new, stronger, identifiability results
for nTDs, T = (Un,...,Uq).G, where U; > 0 for ¢ € [d]. They relied on two main
conditions:

1. The factor matrices, U; for ¢ € [d], need to satisfy some sparsity conditions,
namely, the separability condition (Definition 2.5), the sufficiently scattered
condition (the SSC, Definition 2.7), or their product must satisfy the SSC
(see section 7).

2. The core tensor, G, needs to have some slices or unfoldings of maximum rank,
and its dimensions need to satisfy some conditions (e.g., it must be square
for order-2 nTDs).

Under such conditions, our identifiability results relied on minimizing some mea-
sure of the volume of the core tensor, while combining two main ingredients: the
identifiability of min-vol NMF (Theorem 2.8 from [17]), and of min-vol order-2 nTDs
(which is new; see Theorem 4.2). For order-3 tensors, these results are summarized
in Table 1, and they generalize to any order (section 6).

In Part IT of this paper [44], we will discuss how to compute these identifiable
solutions, and compare the different variants, both in terms of computational cost and
practical effectiveness to recover the hidden factors. We will compare our algorithms
to the state of the art on synthetic and real data sets.
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Appendix A. Identifiability of NTD under separability assumptions.
Since separability implies the SSC, our results apply to the more constrained case
when the U;’s are separable. In this section, we explicitly state two such results for
completeness.

A.1. Generalization of Proposition 1 from [2]. One can consider a gener-
alization of Theorem 3.1, and give an identifiability result for the following model:

(62)
T=(U1,...,Uq).G  with U; e R ™" separable for i € [d], and G € R™>" 74,

In the following theorem, we show that the identifiability result from [2] can be gen-
eralized to any order-d tensor.

THEOREM A.1 (generalization of Theorem 3.1). Let 7 € R™ > %™ pe an order-d
tensor that admits a decomposition of the form (62). Moreover if for all k € [d], the un-
folding of the tensor T along the kth mode, denoted by Ty), has rank ry, then for any
other decomposition of the form T = (Uf,...,U;).G*, where U} are separable matrices,
there exist permutation matrices I1; such that UF = U;II; and G* = (I1{ ,...,11}).G.

Proof. Recall from Property 6.2 that the unfolding of a tensor 7 along the mode k,
denoted by 7 has a decomposition of the form

(63) Ty = (@m)g(k)U,j .
itk

Using Theorem 2.6, we get that for any other decomposition of 7y of the form
Ty =Wy (UF)T such that U} is a separable matrix, there exists a permutation matrix
II;, and diagonal matrix Dy, such that W} = (®j¢k U;)G (k) DIy, and U = U;CDk_lH;€
for all k € [d]. Moreover, since Uy, € [0,1]™*"k Dy, is also the identity matrix of
size 1.

Since U}; and U, ,fﬁ are separable for all k € [d], they have full column rank. Then
(UNHUy = (U,f)TU,f =I,, and from this, we can conclude that

G =UD,..  UHHT=0,... . 0).(UH ..., uH)H.T=1{,...,11;).¢%. O

A.2. Unfoldings along one mode in the separable case. Assumption A.2.
Let 7 be an order-d tensor such that it has a TD of the form 7 = (U}, ..., Uj’é).g,
where

o U e R’**" is separable for all 4 € [d];
e there exists 7 C [d] such that rank(Gz) =[[;czri = [L;ez- 75-

Following the proof of Theorem 6.4 and using the fact that if Uy, U, are separable
matrices, then U; ® U, is separable (this is a direct consequence of Corollary 7.5.1), one
can show that if the given tensor satisfies Assumption A.2; then Procedure d.0 returns
an essentially unique nTD. Note, however, that using separability allows one to design
more effective algorithms (running in polynomial time with provable guarantees, even
in the presence of noise); see Part II of this paper [44].
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